
M.Sc. Examination - 2022
Semester-III
Mathematics

Course MMC-31
(Discrete Mathematics)

Time: Three Hours Full Marks: 40
Questions are of value as indicated in the margin
Notations and symbols have their usual meaning

Answer any four questions

1. (a) Define well-formed formula in classical propositional logic. When an argument form is saidto be valid? Construct a formal proof of validity of the argument

(CD) A (E -+F)
G (CV E). G (DVF).

3(b) Examine the validity of the argument

Iv(JAK)
(V) (L + M)

(L M)+ (MA ~ N)
(N0) A (0 AM)

K) -0
.O.

3(c) Construct a formal proof of validity for each of the arguments in the following:
i) If either Saudi Arabia raises the price of oil or Saudi Arabia does not raise the
price of oil, then India will be in grave dificulties. Therefore, India will be in grave
difficulties.

P (QAR)
(QvS)T
PVS

(ii)

T

[2+2
2. Construct formal proofs of validity for the argument forms:

(a) (Yo){(B(r) -> C(r)) A (D(r) + E(r)]
(Va)[(C(=) V E(«)) > {[F(«) > (C(«) > F(c)]> (B(«) A D(T))}].
(v)(B(r) D(=). A

(b) Doctors and lawyers are college graduates. Any altruist is an idealist. Some lawyers are not
idealist. Some doctors are altruists. Therefore, some college graduates are idealists. 4

(c) ()ay)(K(T) A LU)
(vr)K(«) A (3y)L{y).

2
3. (a) Show that a k-regular graph with girth four has at least 2k vertices, with equality only for

14)the complete bipartite graph Kk,k.

(b) Show that every n-vertex graph with at least n edges contains a cycle.
(c) Define radius (rad(G)) and diameter (diam(G)) of a graph G. Show that for any graphG

rai(C) diam(G) 2 rad(G).

3
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4. (a) Define Euler graph. Show that if W is a walk from vertex u to vertex u, then W contains an
odd number of (u- v) Paths. Hence show that a connectr ph is Eulerian if and only if
each of its edges lies on an odd number of cycles. 5)

(b) Define spanning tree. Write Breadth First Search nlgorithm for finding a spanning tree in a
graph G. lllustrate the same with an example of your clioice. 5]

5. (a) State and prove Erdäs-Szokeres theorem ou counting large increasing/decreasing number
subscquenees, 1llustrnte the same with a sequenee of yoiur choice. 3+2

() State the Inchusion-Exclusion priniciple and use it to find the unmber of derangements among
the permatations of{1,2,*1 2+3]

6. (n) Count the number of pnths of length n in the ay- plane starting froin (0,0) with steps
R:()+ (2+1,)
L: (,y) (- 1,U).

R:(T) (,y + 1).

It is given that a step R(L) is not to be followed by a step L{N). 5
(6) State and prove Buruside's theorem on counting the number of cquivalence casses.
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Usc separate answer
SCript for each unit M.Sc. Examination - 2022

Semester-III
Mathematics

Course: MMC-32
Time: Three Hours

Full Marks: 40Questions are of value as indicated in the margin
Notations and symbols have their usual meanings

Unit-I [Advanced Mathematical Statistics - I (Marks: 20)]
Answer any two questions

1. Describe the one-sample non-parametric Wilcoxon signed-rank hypothesis test procedure. Thesystolic blood pressures (mmHg) of 13 patients undergoing a drug therapy for hypertension areas given below

Patients
13183 178 152 157 194 163 144 114 179 150 118 158 165

2 3 4 5 6 10 11 12SBP

Can we conclude on the basis of these data and the said procedure that the median systolic bloodpressure is less than 165 mmHg? Assume a = 0.05, the significance level of the test. 3+5)2. (a) In Normal regression analysis, find the distributions of the estimators B and à which areunbiased estimators of B and a, the regression co-efficients.
(b) Show that an unbiased estimator S2 of a2 is given by

no
where o, the maximum likelihood estimator of o, is to be determined by you.

3. Consider the standard model of one-way ANOVA given by

Yij = (4i + €ij for i =1,2,.. .,m; j=1, 2,... ,7
where m 22 andn2 2. Assumethat each random variable

Yiy N(4,).
Compute the MLE's of the parameters j4i(i = 1,2,..., m) and o5. Show also that under the nullhypothesis Ho: 1 = 42 =..= Lm = j{,say)

SSw) ~*(m(n- 1);

ii) SSp
2X(m- 1);

SSTii) X(nm -1).

4+6
Unit-II (Theory of Chaos(Marks: 20)]

Answer any two questions.

1. (a) Convert the following equations in polar coordinate and explain the type of bifurcation arisesd=uty +«(r* + )- z(a +?)= + 4y +y(r*+)-v(2 +y)2
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(b) Explain one-dimensional saddle-node bifurcation with suitable diagrams. Find the conditions
under which the system á = f{a,p), (z, and u are real numbers, is the paramcter),
undergoes a saddle-node bifureation. Obtain the normal form of saddle-node bifurcation. 13+3+1]

2. (a) Define SDIC, topological transitivity and topological mixing of amap f :R-» R. Show that
the doubling map attains SDIC and topological transitivity on a unit circle. 3+3

(b) Define Lyapunov cxponent. Show that the Lyapunov exponent of an one-dimensional map
Tn+1 f(zn) can be expressocd as limy--o EIn|flrs)|.Obtain the Lyapunov
exponent of the tent map, T: [0,1> [0,1. |1+2+1]

3. (a) What do you mean by a similarity transformation? Define translation, rotation and scaling
opcrations with their plhysical explanation. 1+2

(b) Defne self similarity in space, self similarity in time and statistical selí similarity.

(c) Show that the Cantor set has zero measure.W1hat is its similarity dimension.
2
2

(d) How is the Mendelbort set constructed? What are escape set and prisoner set? When is a
Juliaset become attractor or repeller? 1+1+1]
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M.Sc. Examination - 2022
Semester-III
Mathematics

Course: MMC-33
(Fluid Mechanics)

Time: Three Hours
Full Marks: 40Questions are of values as indicated in the marginNotations and symbols have their usual meanings

Answer any four questions

1. (a) Show that Eulerian and Lagrangian forms of equations of continuity are cquivalent. 3(b) Determine the acceleration at the point (2, 1,3) at t = 0.5 sec, ifu = yz+t,v = *z-tand w = xy.

3(c) If for a two-dimensional flow the velocities at a point in a fluid are expressed in theEulerian coordinates by u = r +y+ 2t and v = 2y +t, determine the Lagrangeccoordinates as functions of the initial positions o and yo and the time t.
2. (a) Establish the relation between the angular velocity vector and vorticity vector.(b) Define stream line, path line and vortex line. Find their differential equations inCartesian and cylindrical polar co-ordinates.

(c) At a point in an incompressible fluid having spherical polar coordinates (7,0,6) thevelocity components are (2Mr-cos6, Mr-sin6,0], where M is aconstant. Show thatthe velocity is of the potential kind. Find the velocity potential and the equation ofthe stream lines.
2+1+1

3. (a) Find f(r) ifó = xf(r) be a possible form for the velocity potential of an incompressibleliquid motion. Hence show that the surfaces of constant speed are (r +3*)rconstant if it is given that the liquid speed q > 0 asr oo.
(b) A steady inviscid incompressible fluid flow has a velocity field u = fz,v =-fy, w = 0,where f is a constant. Derive an expression for the pressure field p(z, y, z) if thepressure at the origin, p(0,0,0)=Po and external force F= -gkz. 44. (a) State and prove the Milne-Thomson Circle theorem. Using this theorem determinethe image system for a source outside a circle.

2+3+2](b) Show that the mean value of ó over any spherical suríace, throughout whose interior= 0, is equal to the value of ó at the center of the sphere.
5. (a) State and prove the Kelvin's minimum energy theorem. 2+3(b) A source and a sink of equal strength are placed at the points (ta/2,0) within a fixcdcircular boundary a+y' = a. Slhow that the streamlines are given by

2 - 4d?) - 4a'yk=ky(- *).

6. (a) Find the cormplex potential for the flow past a fixed circular cylinder withoút assuningthe complex potential for the motion of a circular cylinder moving in an infinite massof tlhe liquid at rest at infinity with velocity U in the direction r-axis.
(b) Find the velocity distribution in the generalized Coutte flow. Determine the shearingstress, skin friction and the coefficient of friction at both the walls.
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Use separate answer
script for each unit M.Sc. Examination, 2022

Semester-III
Mathematics

Course: MMC-34 (New Syllabus)
(Calculus of Variations and Special Functions)Time: Three Hours

Full Marks: 40Questions are of values us iudicated in tlhe niargin.
Notations and symbols liave their usual meanings.

Unit-I (Full Marks: 20)
(Calculus of Variations)

Answer any two questions.

1. (a) Find the extrenal of the funetional 1[y(r)] = subject to the boundary conditions
v(To)yo.3(Ti) =V1

2
(b) Find the extremal of the functional V[y(r)] = (-2y" +y-2ysin r)dr. 4(c) Show that the necessary condition for existence of extremals of the functional

leC= Fla.y. ldrdy
is F- )- (P,)= 0, where 2(r.y) is continuous and lhas continuous second order parlial
derivatives in S2 and is prescribecd on the boundary UN.

2. (a) Show that for the functional of the form Jy] = f(r.v)V1+y2 ett"ds, the transversality
conditions reduce to the requirement that the curve y = y(r) intersect the curves y =o{T) andy= b(*) (along wlich its end points vary) at an angle of45.

(b) Find the shortest distance between the parabola y = * and the straight line y = * - 5.

3. (a) Find the extremal of the functional 1[u(r)) = | (:" - *)dr. u(0) = 0. y() = 1. subject to J[u()] =

ydar = 1.

(6) Define central field with a suitable example.

(c) Using Legendre condition, test for an extremum of the functional J[y(r)] = (4-e") dr, subject

to the boundary conditions determined from the relation y(r) =5
Unit-II (Full Marks: 20)

(Special Functions)
Answer any two questions.

(a) Using power series method, find the indieial cquations of llermite and Legendre equations.
(b) Express +*-3r +2 in terms of Lnguerve polynomials.
(c) Write down the expression for Ja(r). Also lind the relatio between Jne) and J-n(r).( n being an

integer).

[

+1
2. (a) Prove that P2m(0) = 1)2m)! B

3(b) Pspress JACr) in tern of Jo aud J.
(c) Prove hat 2-= ,()

3. (a) rove thut (i) J-1/2lr) = V()cs("), (i) Ja/2(a) = V()sin(r). (iti) M\z(a)}* + |J-1/2la) =

2++2+

2+3(1), Prove that (0)J, Pnlr)P»(r)dr = 0 if m # u. (i) J-,alo)Pls = mT il
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Usc scparate answer
script for each unit M. Sc. Examination-2022

Semester-III
Mathematics

Elective Course: MMC-35
(Galois Theory -I and Multivariable Analysis)

Time: Three Hours Full Marks: 40
Questions arc of values as indicatcd in the margin.
Notations and synbols have their usual neanings.

Unit I: Galois Theory I (Full Marks: 20)
Answer any four questions.

1. (a) Show that every field of characteristic zero is an extension of Q.
(b) Show that the extension C/R has no proper nontrivial intermediate fields. 22. (a) Let F/K be a field extension, c e F be algebraic over K and m(r) be the minimal polynonial ofc over K. Show tliat |K(¢): K]= degm(r)
(b) Let F/K be a field extension and c E F. If cE F is algebraic of odd degree over K, then sthowthat K(c) = K(¢).

3

(2

3
3. (a) Let a,b EC be two algebraic numbers of degrees 3 and 5 respectively. Find [Q(a, b) : Q(b) Let F/K be a field extension. If it has only finite number of intermediate fields, show that F/Kis a finite extension.

(2
4. (a) Let f(r) E K|z] be a nonconstant polynomial. Prove that an cxtension S of K is a splitting ficld

of f(r) if and only if f(r) splits over S, but over no proper internediate fields of S/K. 3(b) Show that there is an isomorphism a :Q(V2)>Q(V2u) such that o(V2) = V2w and alg) = q
for every gEQ. 25. (a) Find a splitting field S ofr*+r+1 over Z2. Also find [S: Za].

(b) Let F be a field extension of R. If a
€

F is algebraic over R, then show that a E R or R(a) > C
6. (a) Show that for every prime p and n €N, there is a field F of order p".

(b) For any finite field F of order n, show that there is a polynomial f(r)
€

FlE] of degree n having
no roots in F. 2

Unit-II: Multivariable Analysis (Full Marks: 20 )

Answer any two qucstions

7. (a) Give definition of differentiability of a function f: R" + R". Slow that f = (f1,. Sn) is differentiable
z ifand only if fi,..,fm are differentiable at z.

(b) If f is a C' function theu prove that f is differentiable.
13

(c) If f: R" R" and g : R" R° are differentiable fiunctions tlhen show that fog is also differentiable. 13
8. (a) Suppose f: R" -+ R is a C2 function. Prove that D,D,f = D,Df.

(b) Define directional derivative D,s(a) of the function f: R" > R" in the direction v. State and prove
Taylor's theorem for a Ck+I function f:R" R.

(c) Find kth degree Taylor's polynomial of et.t*,
1+4

2
9. (a) Define the quadratic form q(h) ofa function f:R" > R at a critical point a. Show that f has neither

4a maximum nor a minimum at the point a if q{li) is nou definite.
(b) Ifa quadratic form q attains an cxtremum at v E S" then show that v is an cigen vector of the liucar

mapping aSsociated with q.

21(e) Let hr,,)= (z,3zy-z,4y-*y). Show that h-l exists in the domain where £2.
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M. Sc. Examination-2022
Semester-III
Mathematics

MMO-31(A7/P8)(New)
(Lie Theory of Ordinary and Partial Differential Equations)

Time: Three Hours Full Marks: 40
Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

1. Define Lie group of transformations in its infinitesimal form and introduce infinitesinal gencrator
for a Lie group of transformations. Verify whether the set of transformations (7,y) (r",y')

()- cosE-sine is a Lie group of transformations. Find the infinitesimal gen-sine cose
erator, if yes. 2+5+3]

2. What do you mean by the invariant function for a Lie group of point transformations in some
geometric space. State and prove the necessary and suficient condition for a function to be an
invariant function for a given Lie group of transformations. Find invariant function for the Lie group
of point transformations (z, y) > (r*,y") = (e'z,e*c). 2+5+3]

3. Define tangency or contact condition among the variables in tlhe geometric space.Use tangency
condition to prolong the Lie group of point transformations (z,y)> (r*,v°)= (e'r, e") to the jet
space G, whose points are described bythesymbol (x,y,v',y"). Prove the formula y =dDY zy, ),)DX(Fy.e)) 2+6+2]

4. Find equation for d(z) so that X = ¢(r) will be an infinitesimal generator for the Lie group of
point transformations admitted by the ordinary differential equation

') +pla)s() + q(*)ul) = gtz),

where p(r), q(z), g(r) E C(R). Find other infinitesimal generator, if exists. Obtain canonical variables
for the Lie group of synmetry transformations generated by X mentioned above. 5+2+3

5. Show that the heat cquationu=u adnits a Lie group of symmetry transformations generated by
the infinitesimal generators X = " +l - (t+*)ui Transform the heat equation to an
ordinary differcntial cquation by using similarity variables for X. 6+4]

6. Examine whether the KdV equationu+ouu,+z adnits a Lie group of symmetry transformations
generated by the infinitesimal generators Xhuv = c + Transform the KdV equation to an
ordinary diferential equation by using similarity variables for XKuV. Find a group invariant solution
of the KdV equation using some boundary condition to be specified by you. 3+4+3
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M. Sc. Examination-2022
Semester-III
Mathematics

Optional Course: MM0-31 (P03)
(Advanced Real Analysis-1)

Time: Three Hours Full Marks: 40
Questions are of values as indicated in the margin.
Notatious and symbols have their usual meanings.

Answer question no.6 and any three from the rest

1. (a) Show that the set of all points of discontinuities of any function is a Fa-sct. 3(b) Define lin sup of a function f at a point a. If one of the Dini derivates of a continuous function f is
continnous at r then show that f"(r) exists. 2+4

(c) State and prove Jensen incquality for convex functions.

2. (a) State and prove Zygmond theorem.

2+3+3(b) Definc Cantor function on [0, 1) and slhow that it is continuous and non cdecreasing on |0.1.
3. (a) Show that if a function f is absolutely continuous on la.b} then f is of bounded variation, coutiiuuous

and satisfics Lusin condition on la,bj 2+3+4]
(b) Show that for any sct E, the sct of all isolatedd points is countable

4. (a) What is Vitali cover. State Vitali's covering theoren 1+2
(b) Suppose f is Lebesguc integrable on [a,b] and let F(:) = Ja f for all r E [a,b]. Slhow that F' =f a.c

on la,b
(c) Show that a function f is usc ou [a,6| if and only if the set {r € [a,b) : S(«) 2 c} is closed for every

real number c.
4

5. (a) Let a scqueuce of Baire class 1 functions {fn} converges uniformly to f. Show tlhat f is also a Bairc

5
class 1 function.

(b) Let f: [u, b) + R. If f = 0 a.e on la, b), then show that S is Henstock integrable on (a,b) and Ja f =0
(c) State and prove the three chords Lema for convex functions.

6. Answer any two

(a) Give example of a Baire 2 function wlich is not Baire 1.
2(b) Show that (i) Cantor functions (ii) Monotone functious are Baire 1 functions

(c) Find Dini derivates at the point zero of the function f(r) = lz|siu for r #0 and f(0) = 0 2
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M. Sc. Examination-2022
Semester-III
Mathematics

Course: MMO-31 (P-02)
(Advanced Functional Analysis-I)

Time: Three Houurs
Full Marks: 40

Questions are of values as indicated in the margin.Notations and symbols have their usual meanings.
Answer any four questions

1. (a) Dcfinc a topological vector space (tvs). For a fixed a e X and A(# 0) E Ë, defineTa.M: X> X by Ta(z) = r +aand Ma(7) = Aa, z € X. Show that Ta and Maare homeomiorpliisi1.

6(b) Let X be a tvs. Then prove the following:
(i) Every neighborhood of 4 in X contains an absorbing neighborhood of 0.(i) If B is a balanced subset of X then B is also so.

42. (a) When is a tvs X said to be locally compact? If X is a tvs and Y is locally compactsubspace of X then show that Y is closed.
(b) Let X be a tvs and E be a subset of X. Prove that following statements are equivalent:(i) E is bounded.

ii) If {rn is any sequence in E and {anf is any sequence of scalars such thatlin an 0 then limanTn =6.
n00

53. (a) Let X be a lincar spacc and A be a convex and absorbing set in X containing 0. If4A be the Minkowski functional defined on A then prove the following:
6) al+ y) HAl#) +#A(V) for all z,y E X.
ii) #a(ta) = t#a(«) for all t 2 0 and z e X.

(iii) tA is a seminorm if A is a balanced set in X.
(iv) IfB {r e X :pA(a) < 1} and C = {« eX :Pa(z) S 1} then B cACC andAHB =HC.

(b) If Y is a subspace of a tvs X and Y is an F-space (in respect to the topology inheritedfrom X), then prove that Y is a closed subspace of X.
44. (a) State aud prove Haln-Banaclh tlheorem for a complex linear space (assuming that thecorresponding result holds for a lincar space).

(b) Let A and B be two nonempty disjoint couvex sets in a tvs X. If A is open then showthat there exists, A E X* (dual space of X) and y € R such that RlA(2) < 7 3 RIA(y)for every « E A and y
€

B.

65. (a) Let X aud Y be two tvs and {An} be a sequeuce of coutinuous linear mappings of Xinto Y. Let C = {« E X : {A,(a)} is a Cauchy sequence in X} aud L = {z e X:{A)} is convergent in Y}. Prove that,
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2
(i) if C is of 2nd Category in X then C = X.

(ii) if L is of 2nd Category in X and Y is an F-space then L = X.

4+1]

(3

(b) Prove that every locally compact tvs is finite dimensional.

2

(c) If C is a convex set in a tvs X, then prove that C° and C are convex sets in X.

6

6. (a) State and prove Banach-Alagulu theorem.
(b) Let X be a tvs. If X is metrizable by an invariant metric d then show thatd(nz,0) nd(r,0), n being a positive integer.

2
(c) For any seminorm p on a vector space X, prove that the set {r E X :p() < 1} is

convex and balanced.

(2

VBMath



M. Sc. Examination - 2022
Semester-III
Mathematics

Paper: MMO 31 (P01)
(Advanced Complex Analysis-I)

Full Marks: 40Time: 3 Hours
Questions are of values as indicated in the margin.
Notations and symbols have thcir usual mcaning.

Answer any four qucstions.

1. (a) Prove that if f(a) = u(T,y)-iv(z,y) is analytic in a domain D, then v(, y) is a harmonic function in

2
D.

(b) When a real or complex valued function f, defined in a domain D is said to have the mean value
property in D ? Prove that any analytic function defined in a domain D has the mean value property
in D. Is it truc for any harmonic function defincd in D? Justify your answer.

(c) State and prove Poisson's integral formula.

2. (a) Let f is an entire function such that |f(2)] < 10logla| for each z with |a| 22. Then prove that f(2)
12

De a constant.

(b) If f(:) = Ln=on" be an entire function then prove that la,|r" +2Rf(0) maz{4A(r),0} for allvalues ofn>0 and r>0.
4(c) State and prove Hadamard's three circles thcorem.

3. (a) Let f(:) be a non-constant analytic function in |z| < R. Then show that for 0 Sr<R,Mr) <{A(R) + |S(0)|}.

(b) If fE) is an integral function with f(0) #0, thei show that f(:) = f(0)G(:)egE), where G(z) is aproduct of primary factors and g(=) is an integral function. 2(c) Define order of an integral function. Find the order of ePG), where P(z) is a polynomial of degree m.

4. (a) If f(=) is an entire function of order p and P(2) is any non-zero polynomial such that p is an entire
function, then show thatPis also of orderp.

(b) If f() is analytic in |2| < R, then show that for 0 r<R
A=O< M (r) S

12

(c) If f(2) is an entire function of order p, then show that for every e(> 0), the inequality n(r) < rPt holdsfor all suficiently large r, where n(r) denotes the number of zeros of f{z) in the closed disc |z| r.
5. (a) Show that the exponent of convergence of zeros of cos 3z is 1. Hence or otherwise find the order ofcos 3.

(b) If f(z) is an integral function of finite order p and r1,T21 n. are the moduli of the zeros ofS:) then show that 2Ln= COnvcrgesifa>p.

(c) Define canonical product for an entire function f(3). If pi is the exponent of convergence of zeros ofS(:) and if P is the genus, then show that

P1-1SP<p1.

6. (a) Define type of an integral function. Find the type of 2n=1 (hls. 3
(b) If f(2) = 2n=0 d,z" is an entire function of finite non-zero order p, then find the expression for p interms or Gn.

(c) Give au example of an integral function having order a(> 0) and type z
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Usc separate answer M.A./M.Sc. Examination-2023Script for cach unit

Semester-III
Mathematics

MMO 31 (A10)
(Nonlinear Differential Equation-I)Time: Three Hours

Full Marks: 40Questions arc of valucs as indicated in the margin.Notations and symbols have their usual ncanings.
Nonlinear Differential Equation (Marks: 40)Answer any four questions.

1. (a) Using the travelling wave transforniation find the soliton solution of KP Equation, (u4+6uu,+uz=) +Jtupy =0.
(b) Using the travclling wave transformation find the soliton solution of mKP Equation, (u4 + 3u-u, +)r +4y =0

5
2. What is meant by couservation principle and integrals of motion of an evolution equation? Hence Obtainthe approximate analytic solution of damped KdV equation and forced KaV equation. (2+4+4

[10

3. Explain the tanh method, hence find the Shock wave solution of the Burger cquation,u +uu, + Ur = 0.4. Explain Cole-Hopf transformation. Hence solve the following initial valuc problen

+uuz- €llTz = 0, o0 <o,
u(z,0) f(r).

[10]5. (a) Using the sine-cosine method, find the soliton solution of Boussincsq Equation, uet- auzz +3(u*)zrbUz=0
(b) Using the siue-cosine method, find the soliton solution of RLW Equation, u +au--6uu,-butrz = 0. [5]6. If u= uoSech() will be a Soliton solutin of the KdV Equation ue + Guu, + uyrr = 0, then fine therelation among lo, U and o. Also explain it physically.

[10]VBMath



M. Sc. Examination, 2022
Semester-III
Mathematics

Optional Course: MMO-31 (A9) (New)
(Mathematical Pharmacology-1)

Full Marks: 40Time: Three Hours
Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

1. Obtain the transient concentration of receptor/ligand complex (c(t)) for simple monovalent
cell surface binding model in case of constant ligand concentration. Hence obtain theequilibrium concentration.

7+3
2. Define specific and non-specific binding. Prove that the free ligand concentration is dimin-

ished by non-specific binding and the total binding is a multiple of specific binding. 3+4+3
3. Write down the model equations that exhibit interconversions of receptor and complex

states with varying rate constants. Assuming equilibrium binding of ligand to both receptorforms, obtain the unsteady solutions for complexes. 4+6
4. Write down the mode equations for endocytosis. Obtain the ratio of total number ofsurface receptor in the presence of ligand to that in the absence of ligand. Discuss the casewhen endocytic downregulation is predicted. 4+4+2]
5. Formulate a single endosome model in which bivalent ligands bind to monovalent receptors.Write down the descriptions of variables and parameters involved. Nondimensionalise the

4+2+4
equations.

6. Derive Fick's first law of diffusion. Suppose a bolus of N drug molecules is injected into along cylinder at t=0 so that all the molecules are present within an infinitesimal volume att=0 and applying sink condition at r > too, obtain the expression for concentration attime t.
6+5
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M. Sc. Examination 2022
Semester-III
Mathematics

Course: MMO-31 (A08) (New Syllabus)
(Magnetohydrodynamics-I)

Time: Three Hours
Full Marks: 40Questions are of values as indicated in the margin.Notations and symbols have their usual meanings.

Answer any four questions.

1. (a) State under what conditions an ionized gas is said to be a plasma.(b) Discuss the motion of a charged particle in presence of a uniform magnetic field. Hence showthat the particle describes a helical path.
(c) Prove that the energy of a charged particle under uniform electric and magnetic fields is

2

3+2
conserved.

B)2. (a) Find the one-dimensional Boltzmann distribution for a non-relativistic classical charged par-ticle in thermodynamic equilibrium.
(b) Define magnetic moment of a charged particle. Show that it remains invariant throughoutthe motion under the magnetic field. Hence discuss the concept of a magnetic mirror. 3+2+23. (a) Define the phase velocity and group velocity of a plane propagating wave. 2+2(b) Obtain the dispersion relation for electrostatic ion-cyclotron waves in a magnetoplasma withinertialess thermal electrons and inertial cold positive ions. Distinguish between the characteristics of these waves and those of electrostatic ion-acoustic waves.

4+24. For the propagation of high-frequency electromagnetic waves along a constant magnetic field,obtain expressions for refractive indices of the left- and right-circularly polarized waves in a mag-netoplasma. Hence find the cut-off and resonant (if any) frequencies of these waves. [8+25. Write short notes on (i) Upper-hybrid frequency (ii) Lower-hybrid frequency.
5+56. Explain the phenomenon of Landau damping of electron plasma oscillations in a collisionlessunmagnetized plasma. Using the kinetic Vlasov-Poisson system of equations, obtain expressionsfor the plasma dielectric function of wave dispersion and the Landau damping rate for a givenbackground distribution of electrons.
(2+8
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Full Marks: 40
Time: Three Hours

Questions are of values as indicated in the margin.Notations and symbols lhave thcir usual mcanings.

Answer any four questions.

1. (a) Let V be an incr product space and T: V Vbe a linear operator. Then prove that xT(t)splits into lincar factors if and only it there exists an orthogonal basis # of V such that [T]s is uppertriangular.

(b) Let V be a complex imer product spac. Prove that T: V>V is normal if and only if V has anorthonormal basis of cigen vectors of T.
4)(c) Let V bc a conplex inner procduct space. Show that T: V V is normal if and only ifT' = g(T)for some polyuomial g{t).

3
3

2. (a) Let A € Mn(C). Prove that A is Hernitian if and only if X*AX is real for all X E C".(b) Let AE M,(C). Show that there cxists a unitary matrix UE Ma(C) such that UAU is an uppertriangular matrix.

4(c) Prove that a matrix A €
M,(C) is Hermitian if and only if A has n rcal cigen values and C" has anorthonormal basis of cigen vectors of A.

3. (a) Lct A
€

Ma(C) be a positive semidefinite matrix and X €
C". Show that X*AX = 0 if and only ifAX = 0.

3(b) Let G be the gram matrix of {vi,v2,* ,Un. Show that G is Hermitian and positive semidefinite.Also show that rank(G) = dimspan{vi,v2,,Un
(c) Let AE M,(C) be a Hermitian matrix. Show that A is positive definite if and only if every eigen valueof A is positive.

134. (a) Let A e Ma(C) be a positive semidefinite matrix. Prove that there exists a unique matrix B such thatB = A.

4(b) Let B E Mmxn(C) and A = B'B. Show that A is positive definite if and only if B is of full column

3
rank.

3
(c) Let V be a vector space of dimension n. Show that the dimension of B(V) is n'.

5. (a) Let f be a bilincar form on a vector space V. Show that r(f) = r(Ls).

4
(6) Show that a reflexive bilinear form is either symmetric or alternating.
(c) Let f be a nondegenerate reflexive bilinear form. Then show that for every o E V°, therc cxists aunique v E V such that o(r) = f(r,v).

36. (a) State the principal axis thcorem. Find the principal axis form of thec quadratic from Q(X) = 4(ry +

3
2 T)

(b) Prove that two real symmetric matriccs A and B are congruent if and only if thcy have the sameinertia.

3
(c) Find the inertia and typc of tlhe surface r +2y +3: - 4ry +6y: -8:r = 1.

VBMath
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Course: MMO-31 (A-03)
(Computational Fluid Dynamics - I)

Time: Three Hours
Full Marks: 40Questions are of values as indicated in the margin

Notations and symbols have their usual meanings
Answer any four questions

1. (a) Find the fourth order accurate finite difference analog of first order partial derivativeusing the values of the dependant variable at the (i +2,j) and (i t 1,j) points.(b) Show that

d 2h1+03/6 +o(h')

1ij11+63/12+olh')

3

3
du2. Ifthe heat conduction equation is approximated by the schemes of Schmidt, Laa-sonen and Crank-Nicholson method then determine the truncation errors. Also, investigatethe stability of Crank-Nicholson method using Von-Neuman metlhod. 103. A difference method for the numerical solution of

Ot 2,t>0
under suitable initial and boundary conditions is written as
ut=u-ul42,+1 ,
where the parameter A = k/h*. If the initial condition is

u(z,0)= 0rS1/2u(a,0)=1-, 1/2ssland the boundary conditions are
u(0,t) = u(1,t) = 0,
find the finite difference solution when the grid size h = 1/4 and A = 1/2. Integrate uptotwo time steps.

[10
4. Derive Wendroff, Lax-Wendroff and Leap-Frog schemes for the solution of first order hy-perbolic partial differential equation. Also, find the conditions of stability and truncationerrors involved.

(10)
5. Find the solution of the initial value problem

Ou

Ot =0
together with an initial condition

O,
r/2,
2-(/2), 2rs4
0,

O 2

4
using (i) Lax-Wendroff scheme and (ii) Leap-frog sclheme witlh h = 0.5,r = 0.5 whereT=k/h. Integrate upto two timesteps.

|10
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6. Solve the mixed boundary value problem
V'u = 0,0 ,y S 1

y= 0,0 rslu 2-1, y=1,0srsla +u=2-y,T = 0, 0SyS1
u =2-y, t = 1, 0<y<1.

Use the five point formula with h =k=1/3.

27,

[10

VBMath
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Full Marks: 40Time: Three Hours
Questions are of values as indlicated in the margin.
Notations and symlbols liave their usnal meanings.

Auswer any ten (questions.

1. Cousider tlhe "rabbits vs slhce" prolbleun

= a(3-t - V).
tt

dy
= (2- r- )dt

where r.y 20. Draw the mullclines, find the equilibrium points and investigate thcir stability.

2. Consider a lincar birth-dcatlh-immigration-cmigratiou proccss in a stochastic modcl. Derive a stochastic
differential equation for Pa, where Pn is the probability of n indivicluals in the system at any time t.

3. What are the advantages of a dimensionless model? Using suitalble transformation, transform the system

= ar - bry.
t

-cy + AryN+dt

into the systemm

du
-UW,dt

d
dt

4. Consider the differential equatiou= rz(1- )- ha. Sketch tihe bifurcation diagram ly considering

the harvesting parameter h as the bifurcation parameter.

5. Prove that the system

rr- br-
dt t

dt +r 1+a:?29
dz TTY

2 32.
1+a

is boundcd.

6. What is functional respoiusc:? Draw thc curvcs of lolliug type-1. typc-I1, typ-lII, and type-IV funetional

responses.

7. Find the Z-controller Urria?) of the system

1T= r* - djt -px" - QTy,
t
dy

so tlat the prey population r(0) nclhieves n cdesireal stte .ru(t).

VBMath



8. What is Hopf Lifurcation? Prove that the system

t + (4 - z)y.

undergoes Hopf bifurcation by considering p as the lifurcation parameter.

9. Using center manifolkl theorem. determine the stalbility of the origin of the system

= 'y- z',
=-y+r.

10. Slow tlhat the system

= r(r -K){a=r) T+r

exibits bistability lvehavior.

11. Find the bifurcation points of the system

= Tt - dr - ars - pry.

by takingr as the bifurcation parameter. H

12. By constructing a Lyapunovfunctionv=ar +ly with suitable a and b, show that thesystem

is glolbally asymptotically stalile.

13. Find the interior equilibrium point and Jacolian matrix of the delay morlel

r(0)-dz(t)r{t -7)-pr(tu{t).

= Cipz(t-T}»{t - 7) - qu(t)z() -dav(t).

C29():{) -d3=(0)
t

where r is the delay paramcter.

14. Write a MATLAB codc to draw the phase portrait and timc-serics solutions in a single figure for the system

ir

dt

C +dt

VBMath



15. Write down the system of diferential equations fronn the following schennatie ediagran

Or

s()2

-mt)Pz
k + (1-m(0)p?

b, NP

Ng

pOPZ

k+P
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