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Mathematics
Paper: MMC-11
) Real Analysi
Time: 3 Hours ( Hgeis) Full Marks: 40

.Questiops are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

1. (a) Define the outer measure m*(A) of a set A C R. Prove that m* is finitely subadditive.
o0

(b) If Ay, A,, ... are measurable subsets of R, examine if U A, is measurable. [(2+4)+4]

n=1

2. (a) Describe Lebesgue measure m(E) of aset E C R. Let A;, A,, ... be measurable subsets
of R having finite measures such that A; D A, D .... Show that m ﬂ A, | = lim m(A,).

n=1
(b) Let A C R be a measurable set and f be an extended real valued measurable function
on A and f = g a.e. on A. Prove that g is measurable on A. [(1+5)+4]

ﬂ./ (a) Let {f,} be a-sequence of measurable functions such that f, — f pointwise a.e. on a
set A C R. Check if f is measurable on A.
(b) If f : E — R is measurable on E C R, then show that for each § > 0, there exist a
continuous function g on R and a closed set I C E such that f = g on F'and m(E\F) <4d. [5+5]

”(a) For eachn € N, let f, : A — R be a bounded measurable function on A, where
m(A) < co. If f, — f uniformly on A, show that / fo — / f. Does the result hold
A A

good if f,, —» f pointwise only on A? Justify your answer.

(b) Establish Chebychev’s inequality. [(4+2)+4]

A (a) Let { fa} be a sequence of non-negative measurable functions on a set E C R such that
f. — f pointwise a.c. on E. Show that / f < liminf / fn. Further, if {f,} is monotone
: E

n—oo

E
increasing, prove that / f=lim / | .
E E

. n—oo
(b) Let f be an extended real valued function on R such that f = co on Q. Determine the

value of [ f. (4+2)+4]
Q
A. (a) Let m(E) < 00 and {f,} be a sequence of measurable functions on E such that f, — f
“pointwise a.e.. on E and [ is finite a.c. on E. Examine if f,, — [ in measure on E.
(b) Establish the linearity and mounotonicity of integration for non-negative measurable

functions over a measurable subset of R. [3+7)



\3 (a) Show that if f(z) = (z — B)™¢(z), where ¢(z) is analytic at 5 and ¢(8) # O then 3 is a zero of f(z) of
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Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

(a) Let f(z) be a continuous function in a simply connected domain D and 2o be

lies in D, then show that F’(z) = f(z) for every z in D.
(b) State and prove the maximum modulus theorem.
(c) Using maximum modulus theorem show that f(z) = 20 + 2° — 7 has at least one zero in |2| <2.

a) Using Taylor’s theorem expand f(z) = -1 in powers of (2 +1).

(
(b) State and prove Laurent’s theorem.
(

c) Expand f(z) = m in Laurent series in the region 2 < |z| < 3.

order m and conversely. .
(b) State and prove Riemann’s theorem on removable singularity.

(¢) If f(z) has a pole at a of order m then show that |f(z)| = oo as 2 = « in any manner.

¥ (a) Determine the nature of the singularities of scc%.

6.

(b) Prove that the zeros of a non-constant analytic function are isolated points.

(c) State and prove Cauchy’s residue theorem. Using this theorem evaluate fl:l=1 f_f_—ldz.

(a) State and prove Rouche’s theorem(Principle of Argument may be assumed).

b) Show that the equation e = 3z", where n is a positive integer has n roots inside the circle |z| = 1.
q g

(c) State and prove open mapping theorem.

(a) Prove that a function which is analytic every where including the point at infinity is a constant.
(b) Find Res[f(z), 0], where f(z) = &z -

z
(c) Evaluate any one of the following by the method of contour integration:

.\ OO rdx s 27
1) f, %’25_:'—::}.(1,<0; (i) [, (Hb"%,a>b->0.

any arbitrary but fixed
point in D. If F(z) = [ f(w)dw, where the integral is independent of the path so long as the path

8]
(sl
(2l
2]
(5]
3]

(4]
(3]
(3]
(3]
2]
[3+2]

@8l
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(2l
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Questions are of values as indicated in the margin.

(V is a finite dimensional vector space over F)

Answer any four questions.

\/l/. (a) Show that similar matrices have the samc cigen values. Let A be an eigen value of two similar matrices

A and B. Show that dim Ex(A) = dim Ex(B)

(b) Let A, B € M,(F). Show that xas(t) = xBa(t)
AB and BA are not similar.

. Give examples of two matrices A and B such that

1 -2 3
(c) Show that 0 is an eigen value of the matrix | 0 3 4 ) and the geometric multiplicity of 0is 1,
2 -1 10

without solving the characteristic polynomial and finding the eigen space Eo.

I, (a) Let w € R™ be such that [|w]| = 1. Find the cigen values and eigen vectors of the Householder matrix

H,=1- 2uwwT.
(b) LetT:V — V bea linear transformation, a
such that {a.T(a), -+, T*"'(a)} is linearly in
() Let T:V — V bea linear transformation and W
characteristic polynomial of Tw divides that of T

€ Vand W =< a >r. If k is the largest positive integer
dependent, then show that dim W = k.
be a T-invariant subspace of V. Show that the

‘/3/. (a) Let m(t) be the minimal polynomial of the lincar operator T .V —> V. Show that A € F'is an cigen

value of T if and only if m(\) = 0.

(b) Let T:V — V bea linear transformation, m(t
Show that dim span({I,T,T?---}) = k.

() Let T:V — V be a linear transformation,
that V = U @ W. Show that the minimal polynomi
polynomials of Ty and Ty .

) be the minimal polynomial of 7' and deg m(t) = k.

and U and W be two T-invariant subspaces of V such
al of T is the least common multiple of the minimal

(d) Show that every reflection is diagonalizable.

\/4. (a) Let A€ M, (F). Show that A is diagonalizable if and only if F™ has a basis of eigen vectors of A.
1

11
(b) Let A= ( 010 ) _ Find a nonsingular matrix P such that P-1AP is a diagonal matrix.
01 2

)Lt T:V — Vbea linear transformation and f(t) € Flt]. If f(¢) = g(t)h(t) in F[t] such that
ged(g(t), h(1)) = 1, then show that ker f(T) = ker g(T') @ ker h(T).

5. (a) Show that two projections are similar if and only if they are of same rank. Does this result hold for
reflections?
(b) LetT:V — V be a linear operator and 8 = {v1,v2,-" " un} be a basis of V. Prove that [T)g is upper

triangular if and only if span({vi. v, - vy }) is T-invariant foralll <k <n.
(c) Give examples of two diagonalizable linear operators S and T such that S+ T is diagonalizable.
()= (- )™ (- Ag)™2 - (E = )
ly cigen value of T over Gy,-
ber of Jordan blocks in N of

6. (a) LetT:V — V be a linear operator and x nx, Define generalized
Gy, of T. Show that ); is the on
(b) Let NbeannXxn matrix in Jordan canonical form. Show that the num
order k is 2n(AF) — n(AF1) - n(A**!) forall 1 <k <n.

(c) Let N = J3(0) ® J2(0) © J»(0) ® J1(0). Find the index of nilpotence,
characteristic and rank of N. Also find the geometric multiplicity of the eigen value 0.

eigen spaces

Segre characteristic, Weyr

2+2]

[3+1]
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(3]
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Questions are of values as indicated in the margin

Notations and sywmbols have their usual meanings

Answer any four guestions

VA (a) Define a Sturm-Liouville Problem. Under what conditions a Sturni-Lionville problem is called  Heg
or a Singular?

" . % . 5 P . % . ' o
(b) Find the eigen values and orthonormal eigen functions of the Stirm-Lionville problem

v(0) = 0. y(m) = 0.

& /f} =%
(c) Draw the phase diagram for the linear harmonic undamped oscillators represented by 7 + .7 = i)

5{ (a) Solve the given system by constructing Green's [unction. :}r—? —y=-1L0<uo <1 yl0)=0undy 1) =
0.

(b) Convert the given IVP " — /sin(x) + ey = o into an integral equation with the initial condition-
§ g 1 g 1
y(0) =1.y(0) = -1

(c) Under what condition the system 2’ = —2tx2. on K has Global or Maximal solution

(d) State Peano’s Theorem for the existence of first order IVP. Is the condition necessary? Justitv vour
answer with a suitable example.
& (a) Statc Picard’s Theorem and Lipchitz condition for first order IVP. Whichi once is st rouger?

Justify vonr
answer with a suitable example.

(b) If S is defined by the rectangle |z| < a, [yl < b. show that the function f(r.
satisfies the Lipschitz condition and find the Lipschitz constant.
(¢) Show that e = $(1)d~1(0). where e i

15 the Matrix Exponential Function of the svstem < = Ax aud
@ is the Fundamental Matrix of the systen.

Y) = wsinly) + yeosiar).

4. (a) Let f be a solution of % [PU)’;I[-; 4 Q(H)w = 0. having frst derivative f" ona <t < b.

Suppose f has an infinite number of zeros on a <t <.
Then show that f(t) = 0 for all t on a <t <.
(b) Apply Picard’s Method to solve the following initial value problem npto third approximation of the
solution, Z—:{ = 2y — 242 — 3 given that Yy =2 when o =0

(c

~

Find the General solntion of the following linear homogeneons svsten nsing cioen valnescieen vector
method.

T = 6x — 3y.
y=2u+y.

V8. (a) What is a Wronskians 7 State Abel's Theorem. Hence show that the Wronskins is cither zero
everywhere or zero nowhere,

(b) Obtain the adjoint equation of the following dilferential equation. (1 + t"’)}f;,‘f t "f, A= L
(¢) Find the nature and st ability of the fixed points of
r=—ux+y
¥=—r—ay . for different values of the parianeter a.
' " U At . R < It L tl X
6. (a) Does @(t) = 20 arl 5 a Fundamental Matrix for the system X = AT Isas then hnd the wato
: —e e

A. Also find the solntion of the systen.
(b) Find the Natural Fundamental set of solutions of the followme Dhtferentad Equanion. (0 ¢ 07"
D, ‘ . o s "
2ty" 4 2y = (), with the initial time 1.
Consider a second-order humogeneous lincar differentinl equation and wee s adpont ecquanion When
a differential cquation is called self-adjoint” Fiud a necessary and suthicient coudition that o sceotd:
: ; s i~ ; 1. do o (e = 0 will be solfa
order linear differential equation ag(t) G + witt) gy -+ w2ltie = 0 will be self-adjon

[L-+1+2
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Questions are of values as indicated in the margin.
Notation and symbol have their usual meanings.

Answer any four questions.

Y (a) If u(z,y) is the solution of the Cauchy problem yus + Tuy = 0, u(0,y) = e~v*, then find the value of

u(1,2). State the region of zy-plane in which the solution can be determined uniquely.
(b) Solve the following' PDE by Monge’s method:

2zuu—(:z:+2y)uzy+yuyy=m

(¢) Find the nature of the PDE Tuazr + V2022 ugy + {2022 — sgn(y)}uyy =0, for y >0 and y < 0.
[(2+1)+5+2]

ar+s .
2. (a) Show that a lincar PDE of the type Z Crsxrysﬁ = f(z,y) may be reduced to one with constant

coefficients by the substitutions { = Inz, 7 =Iny.
Hence, find the complete integral of the PDE

1
=In L

T Upy — TYULy — 2y2uyy + zuy — 2yuy ~ ~ 5003

(b) Find a surface satisfying uze — 2Usy + Uyy = 6 and touching the hyperbolic paraboloid u = xy along its

section by the planc x = y. [(2+4)+4]
4 (a) Using Cauchy’s method of characteristics, find an integral surface of thc PDE
Uy + Uty = -2, y >0
u(z,0) = f(z), —oc <& < 0.
(b) Convert the following PDE to the canonical form, and hence solve it:
22y —1) Uz — (Y2 = 1) Ugy +y(y — 1) uyy + 2y ue —uy =0.
[5+3]

A. (a) Solve the following homogeneous wave equation by the method of Laplace transform:

9 ugt = Ugx,
u(0,t) = f(t), limzsoou(z,t) = 0, z,t > 0 where u is the deflection of a string, released from rest on the
z-axis [u(z,0) = 0 = u(x, 0)].
. e
(b) Use the complex form of the Fourier transformation to show that u = ;3= [ f (€)e~ =T d¢ is the
. 2Vt /-
solution of the PDE
Uy = Ugyg, —00< T <00, t>0

with « = f(z) when t = 0 and u(z,t) is bounded. [5+5]

5. (a) State maximum-minimum principle for a function u(x,y) which is continuous in a closed region R
(=RUOR) and satisfies the Laplace equation V?u = 0 in the interior of R.

(b) Ifet Q= {(x,.y‘) € R? | 2% + y? < 1} be the open unit disc in R? with boundary 0Q. If u(z,y) is the
solution of the Dirichlet problem uz; +uy;, = 0in Q and u(x,y) = 22? - 1 on 8Q. Find the value of u(3 3)-

(c) By using the method of separation of variables, obtain the solution of the following initial boundary
value problem (IBVP) for the wave cquation:
Uy = Ugpy, T € (O.1r),t > 0,

BC’s: u(0,t) = u(m.t) =0, t >0,
IC’s: u(z,0) = sinz — sin 2z, u,(z,0) =0, 0 < z < . [2+3+51



AL (a) If ¢ is a harmonic function in R and %’f =0 on JR, then ¢ is a constant in R (= RUAR) - prove it.
(b) Solve the following exterior Dirichlet problem for a circle:
PDE: Vu=0,r>a,0<0<2n
BC: u(a,0) = f(0),0< 6 < 2n
where f(0) is a continuous function on R and u(r.#) must be bounded as r — oco.
Hence deduce Poisson's integral formula of the form

— 1 f2n (r’=a®)f(¢ ‘
‘U.('I‘, 9) = 2n Jo=0 '1'5—21'ac;s()o'f—(9;+a'2 d¢ [3+(5+2)]
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Questions are of values as indicated in the margin.

Notations and symbols have their usual meanings.

Answer Question No. 1 and any three from the rest.

e-7*

1. Answer any five questions from the following:
al — 1 —
, where F(s) = mg5s9a T 2-1°

\/%) Find the inverse Laplace transform of F’ (s)

\Q}? Find the inverse Fourier transform of F’ (s), where F'(s) = §+—4:;;87

(c) Find the value of X for which the integral equation u

infinitely many solutions.
\/(,d) Solve the Frcdl:olm integro-differential equation
W (z) = 922 + [u(t)dt, u(0) = 1.
0
ﬁ Find the Laplace transform of f(t
when t > 7.
(f) Using modified
y(z) =2z + 1 +sinz + % —cosT — (;fry(t)dt.

Adomian decomposition method. solve the integral equation

k&) Find the value of u(1) + u(3), where u(z) satisfies the equation
% ;
1+z—¢e = [(t—z)ult)dt
0

2. (a) Find the resolvent kernel of the integral equation
y(z) = e*sinz + ({I Zhcos Ly, (¢)dt.
(b) Find the Fourier sine transform of f(z), where f(z)
f(z) =0 when z > 5.
(c) Solve Volterra integral equation of first kind
2 ju _ 22+ ) y(t)dt.
o

(d) Convert the integral equation y(z) = sin® — 3
0

ential equation.
3. (a) State Fredholm alternative. Find the ¢
™
f(z) + X [ cos(z + t)y(t)dt has infinitely many solutions.
0

(b) Using Laplace transform, solve the differential equation

%’*‘2%‘1’@ = h(t);y(0) = 0,y'(0) = 0, where h{t) = 1,0< i<

), where f(t) = sint when 0 <t < mand f(t) =cost

onditions for which the integral equation y(x)

m.and h(t) =0.0>

(5 x 2 = 10

91
E-‘A

2

1
(r) = e*™ + 3\ [ e u(t)dt has
0

= cos92 when 0 < z < 5, and

L [(x — t)*y(t)dt to an equivalent differ-



2
A (a) If f and g are piecewise continuous on [0, 00) and of exponential order then prove that

L{f x g} = L{f}.L{g}.

Using the above result prove that 8(m,n) = FI(,’(”)f(’)') where m,n > 0.
m-1

X0
(b) Evaluate: [ te™3 sinTidi.
0

]
(c) Using Hilbert-Schmidt theorem, solve the integral equation y(z) = z?+z+1+3 [ (zt+
21
2212)y(t)dt.
z
" Solve the Volterra integral equation y(x) = 2 + [(x — t)y(t)dt by
0
a

(a) Laplace transform method.
(b) series solution method.
(

(c
d

(e

a) Using Fourier transform solve the differential equation % 5 6% + 5y = 4(t).

) Adomian decomposition method.
) successive approximations method.

successive substitutions method.

5

(
(b) Find the Fourier transform of f(x), where f(z) =1— 2% —1 <z < 1, and f(z) =0,

otherwise.
o0

5 Q 5 SHiras s\ 2
Hence using Persaval’s identity, evaluate [ (Mﬁw) dz.
0

(c) Find the Laplace transform of the function f(t) = t>/?4sint cos t+tsin h5t+e~% cos 3t.

[2+1)

2]

5}





