M.Sc. Examination - 2023
Semester-111
Mathematics
Paper MMC-31
(Discrete Mathematics)
Time: Three Hours Full Marks: 40

Questions are of value as indicated in the margin
Notations and symbols have their usual meaning

Answer any four questions

1. (a) Define well-formed formula in classical propositional logic. When is a form of argument
considered valid? Construct a formal proof of validity of the argument form:
H—(I->J)
K—(I—J)
(~H/\~K)—>(~LV~M)
(~L—>~N)/\(~M—)~O)
(P = N)A Q- 0)
~I—=J)/ .- ~ PV~ Q.
(b) Examine whether the argument is valid:
(P=Q)A(R— S)
(Q—=T)A(S->U)
(~PST)A(~Q— 8)
~T /.. ~RvV~Q.
(c) Using the technique of assigning truth values, demonstrate the argument’s invalidity:
W (XVvY)
X (Z-Y)
Yo (2%~ A)
. Z+ (A-B)
Ae (B 2)
BY~W /.. W& B.

2. (a) Construct formal proof of validity for the argument form:

(Vz)(Q(z) — R(z)
(3z)(Q(z) V R(z))
.. (3z)R(z).
(b) Construct formal proof of validity for the argument form:
Bananas and grapes are fruits. Fruits and vegetables are nourishing. There-
fore, bananas are nourishing.
(c) Examine whether the argument is valid:
(Vz)(K (z) = L(z))
(3z)(M (z) A L(z))
(3z)(M(z)A ~ L(=))
- (Vz)K (z) = M(z). |
3. (a) Show that if G is a loop free simple graph and §(G) 2 3, then G has a cycle of even
length. . N
(b) Show that a connected graph with n vertices has exactly one cycle if and only if it has

exactly n edges. .
(c) Show that any two longest paths in a connected graph have a vertex in common.

(3]

3]

[4]

8]

(4]

3]
8]

(3l
(4]




4. (a)
(b)

5. (a)

(b)

6. (a)

(b)

Define Hamiltonian graph. Show that if G has n > 3 vertic_c-g_ﬂnnd every vertex has
degree at least n/2, then G is Hamiltonian. e e

Define a planar graph. Deduce Euler’s formula for planar graphs. Show that K33 is
not a planar graph.

Determine the number of bags with n pieces of fruit (apples, bananas, oranges and
pears) such that the number of apples is even, number of bananas is a multiple of five,
the number of oranges is atmost four and the number of pears is either zero or one.

If we draw n ovals on the plane such that an oval intersects each of the other ovals at
exactly two points, into how many regions do these ovals divide the plane.

State the Inclusion-Exclusion principle and use it to find the number integers between
1 and 1000 that are not divisible by 2,3 and 5.

State the Pigeon-hole principle. Use it to demonstrate that if we select 101 integers

from the integers 1,2,---200 then there will be at least two integers such that one of
them is divisible by the other.

State Burnside’s theorem on counting the number of equivalence classes. The sides of
a square are to be coloured by either red or blue. How many different arrangements
are there if a colouring that can be obtained from another by rotation is considered
identiocal?
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Semester-I11
Mathematics
Paper MMC-32
(Advanced Mathematical Statistics - I and Theory of Chaos)

Time: Three Hours Full Marks: 40

Questions are of value as indicated in the margin
Notations and symbols have their usual meaning

Unit - T : Marks - 20
(Advanced Mathematical Statistics - I)
Answer any two questions

1. Explain the procedure to construct a one-sample non-parametric sign test. IQ data
of arrested drug-abusers who are aged sixteen years or older is given in the following
table: ' . [10]

1 2 3 4 5 6 T on8ui@r. 710 <11 » 12018 - 14 15
99 100 90 94 135 108 107 111 119 104 127 109 117 105 125

Is there any evidence that the median IQ of drug-abusers in the population is greater
than 1077 (Test at o = 0.05)

2. (a) Define conditional mean and conditional variance associated with two continuous
random variables X and Y. If the conditional expectation of Y given X = z is
linear in z then show that

o
E(Y | X =2) = py + p——(z — x).
Ox

Let the joint pdf of X and Y be given by
eV, 0<z<y<o

f(z,y) = { 0 ; otherwise.
What is the conditional variance of Y given X = z? [1+14+3+2=7]
(b) Define regression function, Let the joint pdf of X and Y be given by

ze~®(41) + 0<z,0< Y
flzy) = 0 ; otherwise,
What is the regression function of Y on X? [1+2=3]
3. (a) Show that the least squares estimators & and S of a linear model
E(Y |z)=a+pz
[2+2=4]

are unbiased. - :
(b) Let each random variable Y;; ~ N(y;,0%) where V;; = ;L,-2+ €3t =1,.,m an o
j=1,..,n. Compute the MLE of the parameters y; and o




Unit - IT : Marks - 20
(Theory of Chaos)
Answer any two questions

1. Explain the gencral theory of bifurcation of one dimensional system % = f(z,p),
where @ is a real variable and p 1s a parameter. Hence establish the conditions for
Pitchfork bifurcation and transcritical bifurcation. Also draw their phase portraits

and bifurcation diagrams. [24+(2+2)+(2+2)]

2. (a) State Devine’s definition of chaos. 2]

(b) Obtain the Lyapunov exponent of Bernoulli’s shift map and Skinny Bekar’s map.
When does the value of the Lyapunov exponent becomes 0 and when becomes

—00. 3]
(c) Explain Sharkovskii’s order and state Sharkovskii’s theorem. 2]
(d) Show that the map B0, 1] = [0,1] defined by B(x) = {2z, 0<z<05

2z —1, 0.5<z <1 is chaotic. (3]

3. (a) Construct a Koch curve. Show that the length of the Koch curve tends to oo as

the steps are repeated. [1+1]
(b) Define Mendelbort set, and Julia set. Write some properties of the Julia set. [2+2]
(c) What is a triadic number? Convert the decimals 17 into a triadic number. [1]

(d) What do you mean by box dimension of any object? Find the box dimension of
Shirpinsky triangle and Von Koch curve. [14+2]



M.Sc. Examination - 2023

Semester-III
Mathematics
Paper: MMC-33
(Fluid Mechanics)

Time: Three Hours Full Marks: 40

Questions are of value as indicated in the margin -
Notations and symbols have their usual meaning

Answer any four questions

1. (a) Derive the equation of mass conservation equation in Lagrangian form. Hence
find the corresponding equation in Eulerian form.
(b) The velocity components of a flow in cylindrical polar coordinates are
(trzsin @, trzcosé, —%zzt sinf). Determine the components of the acceleration
of a fluid particle.

2. (a) Derive Euler’s equation of motion and hence deduce Bernoulli’s equation in its

most general form.
(b) The particle velocity ¢ for a fluid motion referred to a rectangular Cartesian axes
. . LT TN S, - 2 ™ Tz s~ . X [ TZ
with unit vectors 2, 7, k is given by ¢ = v (z cos o €0S % + ksin 7q S 2—),
a a a a
where, vy is'a constant. Show that the pressure p associated with this velocity

field in an incompressible fluid under no body force is given by

2
v Tz T
p= P (cos — — COoS —) -+ constant.

a a

3. (a) Derive the curvature at any point of a stream line.
(b) Derive the Cauchy-Riemann equations in polar form.

(c) Show that the velocity potential
1 2 2
¢ == log (‘”_+i)_iy_2
2" " (z-a)’+y

gives a possible motion. Determine the equation of the stream line and show also
that the curves of equal speed are ovals of Cassini given by rr’ = constant where
7, are the distances of the point P(z, y) from the points (a,0) and (—a,0).

4. (a) State and prove the Blasius Theorem

(b) In a region bounded by a fixed quadr
due to a source and an equal sink situate
radii. Show that the streamline leaving either end' at
is 72 sin(7 /6 + 0) = a*sin(m/6 — 6), where a is radius of the quadrant.

ant arc and its radii, deduce the motion
d at the ends of one of the bounding
an angle 7/6 with radius

.. i v
n's Theorem on constancy of circulation. He'nce shov
by you, the motion of an

] even afterwards.

5. (a) State and prove the Kelvi )
that under certain conditions which will be stated

inviscid fluid, if once irrotational, remains irrotationa
22 +¢2). Determine whether the flow

; 3 2= (—iy+ iz
(b)iAvelocty Held iprgiver By 2 oty 4 a unit circle with center at the

is irrotational. Calculate the circulation round

origin.

[3+3]

[3+2]

[2]
2l

[2+2+2]

[2+4]

[4]

[2+3+2]

(3]



6.

(a) Derive the Navier-Stokes equation of motion for an incompressible viscous fluid
assuming the constitutive equations for Newtonian fluid.

(b) Find the velocity distribution in the plane Poiseuille flow. Find maximum and
average velocities. Also find the coefficient of friction at the upper wall in terms
of Reynolds number, Re = hu,/v where h is the gap between two parallel plates,
u, is the average velocity of the fluid and v is the kinematic viscosity of the fluid.
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Semester-II1
Mathematics
Paper: MMC-34
(Calculus of Variations and Special Functions)
Full Marks: 40
Questions arc of values as indicated in the margin.
Notations and symbols have their usual meanings.

Unit-I (Full Marks: 20)
(Calculus of Varialions)
Answer any two questions.

(a) If f(z) € Cla,b), g(x) € C'{a, b}, and if /b [f (x)h(z) + g(x)h' (z)]dx vanishes for every h(z) € C'a,b)

such that h(a) = h(b) = 0, then show that ¢'(z) = f(z) for all z € [a,b].

7_2|‘_
(b) Find the extremal of the functional / (2 -y*+4y sin® z)dz that satisfies the boundary conditions
0

y(0) =y(%> = %

t2
(c) If the integrand of the functional J [2(t), y(t)] = / #(t, z(t), y(t), £(t), §(t))dt does not contain ¢ explic-
t

1
itly and is a homogeneous function of first degree in & and g, then show that the functional J{z(¢), y(t)]
depends only on the type of the curve x = z(t),y = y(t), and not its parametric representation.

) 1
(a) Find the extremal of the isoperimetric problem Ify(z)] = / (z% — y?)dz with y(0) = 0,y(1) =0
0

1
subject to the condition / y2dz = 2.
0

(b) What is geodesics? Find the geodesics on a right circular cone of semi-vertical angle a.

(a) Find the shortest distance between the point (1,1) and the curve 22 4+yi+ay=1

1
(b) Using Legendre condition, test for an extremumn of the functional J([y(z)] = / (z+2y— %y'?') dz,
0

2

subject to the boundary conditions which can be determined from the relation y(z) =z — z°.

Unit-II (Full Marks: 20)
(Special Functions)
Answer any two questions.

(a) Find the indicial equations of Bessel’s equation and Laguerre equation by using Frobenius method.

(b) For Legendre polynomial, prove that G(z,t) = (1 — 2zt + $2)=1/2 is a generating function. Hence

. 1 1 1+sing
establish, (1 + §P1 cos@ + ng cosf +...) =log —sxr%_
(2) Show that Laguerre polynomials are orthogonal over (0,00) with respect to the weight function e~ =,

(b) Show that H,(z) = onH,—y(z) and Hyp () = 2xHg(x) — 2nHnoy (z) where Hy(x) is the Hermite

polynomial of order 7.
(c) Prove that J(z) = 0 has no repeated root except at =0,

(a) Define Hypergeometric function, Derive the integr al ropresentation for hypergeometric function
(b) Express 2 as a series in Legendre's ploynomial.
(¢) Prove the following recurrence relations for Bessel’s function (Jn())
(7)};_[1' (93"-]71(1')) = a"Jp-1(x),

(i) (2" (@) = —2~ "1 (),

(iii) ], (z) = Jn-1(z) = (n/x) .

(4]

(8]

(4]
[1+5]
(6]

[4]

(4]

[3+3]
(4]

[2+2
2]
1+2]
)

(5]



M. Sc. Examination-2023

Use separate answer
ipt f h unit
o e Semester-II1
Mathematics
Elective Course: MMC-35
(Galois Theory -I and Multivariable Analysis)

Full Marks: 40

Time: Three Hours '
Questions arc of values as indicated in the margin.

Notations and symbols have their usual meanings.

Unit I: Galois Theory I (Full Marks: 20 )
Answer any four questions.

1. (a) Prove that Qv2 ={a+b/2:a,beQ}isa field.
(b) Let F be a field. Find all elements a € F¥ such that a = a1
(c) Let F be a field. Prove that there does not exist a non-zero proper ideal I in F. [3+1+1]
N2 (a) Prove that Q(V?2,V5) = Q(V2 + V5). ‘
(b) Find the degree of a over Q where « is a root of X 3 _12X? 444X — 52. [3+2]
. (a) Prove that the fields Q(+/2) and Q(v/3) are not Q-isomorphic. :
Jements in the field Q(27e*7). [3+2]

(b) Prove that —1 cannot be expressed as a sum of finitely many square €

" (a) Prove that every finite extension of fields is algebraic.
(b) Let F and K be fields. Prove that [K : F] =11if and only if K = F.
(c) Is R a finite extension of Q7 Justify your answer. [24+2+1]
j. (a) Let K be a field extension of F'. Prove that the set of elements of K that are algebraic over F' forms

a field.
(b) Let o and B be two complex numbers such that both o + 8 and of3 are algebraic over Q. Prove

that both o and B are algebraic over Q.
(c) Let K be a field extension of F with [K : F] odd. Prove that F(a)=F(a?) foranya € K\ F.

6. (a) For a prime number p and a positive integer 7, prove that there exists a field of order p”.
(b) Prove that the product of the non-zero elements of a finite field is —1.
(c) Prove that a finite field cannot be algebraically closed.

[242+1]

[3+1+1]

Unit-II : Multivariable Analysis (Full Marks: 20 )

Answer any two questions

H (a) Suppose f : R® — R™ be such that for some matrix 7', lim IiF (”)"{lg‘):ﬁ(”"“)" = 0 then show
n—o0 =
that T is the matrix of partial derivatives at a.
(b) Suppose f : A — R™ is differentiable at o € A where A C R™ be open set. Show that there exists
M and 6 such that [|f(z) — f(zo)|| £ M||z — zol| for every z € A satisfying ||z — o|| < J. Hence
show that f is continuous at zo [3+1]
(c)m'Compute f/(0) for the function f(z,y) = (sinz, cosy,siny, cosz) [2]
vzi ) ) uppose f ;: A — R™ has (k + 1)th order continuous partial derivatives at zo € A where ACR"
=/be open set and Ry(z) is kth degree remainder of f at o . Then show that

|Re(z)]  _
z=+zo ||z — zo||*

[4

8]

(b) Define directional derivative D, f(a) of the function f : R* — R™, Show that {Dyf(a) : v € R"}
[4]

is a linear subspace of R™
(c) Suppose f : A — R™ has (k + 1)th order continuous partial derivatives at @ € A where A C R"

be open set. If Q is ; ) o f(@)-Qz—x0) _
P Q is a polynomial of degree k such that zll,rgo —Lﬁ-;égn-:—— 0 then show that @

is the kth degrce Taylor’s polynomial of f at @.

3]

3. (a) Define the quadratic form g(h) of a function f : R = R at a critical point a. Show that f has a
local minimum at the point a if g(h) is positive definite, (3]
(b) Suppose f: RN — RV is C* and det(f(a)) # 0. Show that f is an open map. (4]
(c) Find critical point for the function f(z,y) = a®siny — 4z and the quadratic form at that point. a
3

Show that the critical point is neither a local maximum nor a local minimum.



M. Sc. Examination 2023
Semester-I111
Mathematics

Paper: MMO-31 (A08) (New Syllabus)

(Magnetohydrod fose
Time: Three Hours o ynamics-I)

Questions are of values as indicated in the margin. arks: 40

Notations and symbols have their usual meanings.

Answer any four questions.

\,1/@1) What do “Quasineutrality” and “Collective behaviors” mean concerning plasmas? 2]

(b) Explain the phenomenon of Debye shielding in a medium of charged particles. Hence define
the Debye length and the Debye sphere. Show that in a plasma medium with inertialess
thermal electrons and stationary positive ions, the electrostatic potential drops exponentially

with the distance (relative to the Debye length) from the center of the Debye sphere. [3+2+3)

\/9/ (a) Discuss the motion of a charged particle in presence of uniform electric (E) and magnetic
(B) fields. Hence define the E X B-drift velocity. [4+1]

(b) Show that the sum of potential and kinetic energies of a charged particle under uniform
electromagnetic fields is constant. Does it hold for time-dependent fields? [4+1]

\;}/(a) Discuss the basic concepts of phase velocity and group velocity of a plane propagating wave

in a_conducting medium. [2+2]
~Obtain the dispersion relation for Langmuir waves in an unmagnetized plasma with stationary
positive ions and find the expressions for the wave’s phase velocity and group velocity. [4+2]
4. Starting from a set of hydrodynamic and Maxwell’s equations, obtain the dispersion relations for
the ordinary (O-mode) and extraordinary (X-mode) modes in a plasma under a uniform magnetic
field. Discuss their characteristics. [8+2]
5_AWrite short notes on (i) Lower-hybrid frequency (ii) Upper-hybrid frequency of electrostatic waves
[5+5]

propagating in a magnetoplasma.

6. Show that the dispersion relation for electrostatic jon-cyclotron waves in a cold electron-ion

quasineutral magnetoplasma can be written in the form: w? = w? + c2k?. Discuss how it modifies

the dispersion relation for electrostatic ion-acoustic waves in a cold quasineutral plasma. [8+2]



M.Sc Examination-2023
Mathematics

( MMO-31 (P5): Algebraic Coding Theory-I)

Time: Three Hours Full Marks: 40

Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.
Answer any four questions.

1. (a) Let C = {00000,00111,11111} be a binary code. Find distance of the code C'.
(b) Find all the cyclotomic cosets of 2 modulo 15.
(c) Let a be a root of 2+ z + 22 € Fjz]. Find the minimal polynomial of a”

2. (a) Obtain the factorization of z'*> — 1 over F3 into monic jirreducible polynomials.
(b) Let V be a n-dimensional vector space over a finite field Fy, where ¢ is a prime. Show
that V has L 3°"" (g™ — ¢') different bases.
110100

(¢) Let C be a linear code with the parity check matrix H = 101010 |. Decode the
011001

codeword 110110.

3. (a) Let C be a linear code of length n over a field Fy, where g is a prime. Show that C—
-4 is a linear code and dim(C) + dim(C+) = n.
(b) Show that the dimension of a self-orthogonal code of length n must be less than n/2,
and the dimension of a self-dual code of length n is 1/2.

10110
4., (a) Let C be the binary [5, 3]-linear code with the generator matrix G = | 01011
00101
‘What is the encoded form of the message word v = 101.
(b) Let g be a prime. Define Trp,./r,(a) = a+al+...+af ! for any aFy=. Show that
T'rp,m/F, 1s an element of F, for all aFym

i @For an integer ¢ > 1 and integers n,d such that 1 < d < n. show that

1=

> (T;)(q—l)".

=0

@ Show that the dimension of Ham(r,2) is 2" — 1 — 7.

(c) Show that the weight of every codeword in Gy, is a multiple of 4.

6. (a) For m > 1, show that the Reed-Muller code R(1,m) is a binary [2™, m+1, 2™ !|-linear
code, in which every codeword except 0 and 1 has weight 2™~1.

,(b) If Gy, is a generator matrix for R(1,m), then show that the generator matrix for
: G G
R(l,m+1)is Gy = 5 %
( )15 Gma (o...o 1.‘.1)

L

=)



M. Sc. Examination - 2023
Scemester-I11
Mathematics
Paper: MMO 31 (Ab5) (New)
(Dynamics of Ecological System-I)
Time: 3 Hours Ifull Marks: 40
Questions arc of values as indicated in the margin,
Notations and symbols have their usual meanings.

Answer any four questions.

@ Analyze a logistic model for a single species non-age structured population. Show that the population
growth curve possesses a point of inflexion when hall the final population size is attained. Find also the
time at which the point of inflexion occurs. ((2+4)+4]

@ Consider the following competing specics model:

dz

il z(7 - 3y — 2z),
dy

o = y(9-Tz-5y),

x(t=0) > 0, y(t=0)>0.

(a) Determine and classify the co-cxistence equilibrium point.
(b) Sketch the phase portrait using the method of nullclines.
(¢) What happens to the competing populations as time increases? (3+4+3]

@ Consider the following Lotka-Volterra two specics competition model:

du1
dt
d‘ll,z
dt
u (t =S 0)

ru(l ul) U U
1%1 X, YU U2,

T2U2 (1 - 2) — Yauruz,
Ky

0, ua(t=0)>0,

Il

\%

where all the system paramecters are positive. Construct a suitable Lyapunov function for which the co-

existence equilibrium point is globally asymptotically stable (GAS). (10]

@ (a) What do you mean by prey refuge in an interacting species system?
(b) Comment on the uniformly boundedness of the system and influence of the refuge parameter r about

the co-existence equilibrium point of the following Gause-type predator-prey model:

du (1_3)_ b(1 — r)uwv

@ - " K 1+c(l—r)u’

LA M—dv, 0<e<l1, 0<r<l,
dt 1+c(l—7)u

u(t = 0) 0, v(t=0) =0,

v

where all the system paramecters are positive. (24 (4-+4))]

(a) Explain Kermack-McKendrick SIR model for the spread of infectious disease. Define basic reproductive

number Rg with its biological significance. .
(b) Consider an infectious discase for which there is no recovery, such as untreated tuberculosis (Mycobac-

terium Tuberculosis) or many plant discascs. A simple transmission model for such a discase which includes
vital rates and discase caused mortality is given by

dS

dt

dl
= Sl —pul — 461,
dt p 'l

S(t=0) > 0, I(t=0)>0.

Np—pS —BSI,

Il

I

Locate the cquilibria and create their stability in respect of basic reproductive number Rp. ((2+2)+6]



6. Consider the following SIS model:

% = rSe™* - 8IS - ]S,
% = BIS-(a+p)l,
St=0) > 0, I(t=0)>0,

where S is the number of susceptibles, I is the number of infected, A is the transmission factor, a is the
discasc-induced death rate, r and a are positive constants associated with declining with population size
per capita birth rate re=2S, and p is the natural death rate.

(a) Determine the basic reproduction number and cquilibria of the system.

(b) Calculate the Jacobian of cach cquilibrium and determine the stability.

(c) Use the Dulac criterion to rule out periodic solutions. (3+4+3]




M. Sc. Examination-2023
Semester-111
Mathematics
Paper: MMO0-31(A7/P8)(New)
(Lie Theory of Ordinary and Partial Differential Equations)
Time: Three Hours Full Marks: 40
Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

, 1. Define Lie group, Lie group of transformations, and Lie group of transformations in in-
finitesimal form. Introduce an infinitesimal generator for a Lie group of transforma-

tions. Examine whether the set of transformations (z,y) — (z*,¥*) = T ;) =

( coshe sinhe

sinhe coshe ) ( " ) is a Lie group of transformations in the geometric space R*. Find

the infinitesimal generator if yes. [1+1+14+1+5+1]

«2. Derive the formula for getting an infinitesimal generator ¥ (= S0, 7 (y', -+ - ,y")%) of a
n

one-parameter Lie group transformations in the geometric space R"(n > 2) in one set of
variables whenever the infinitesimal generator X (= Y>¢_, €%(z',--+,2")3%) in another set
of variables describing the points of the same geometric space is given.. Define canonical
variables in the geometric space for a Lie group of point transformations. State the principle
for obtaining canonical variables for a given Lie group of transformations. Find canonical

variables for the Lie group of transformations (z,y) = (2*,y*) = (cos€ ¥ —sine y, sine z +

cos€ ). [4+1+2+3]

»3. Define Lie algebra. When is a Lie algebra said to be solvable? Show that the set infinitesimal

S 5 ans ions 2 F = A LT N
generators for the group of transformations ¥ — z s U R A

Lie algebra. Is it solvable? Provide a solvable Lie subalgebra of this Lie algebra. [24+2+5+1]

4. Find equations for the coefficient ¢(z) so that the infinitesimal generator q&(:v)g"’a generates
a Lic group of symmetry transformations admitted by the sccond-order linear nonhomoge-
neous ordinary ditferential equation u”(z) + p(a)u'(z) +g(x)u(z) = f(x). Reduce the order
of the differential equation by using the infinitesimal generator mentioned above.

5. Derive the system of determining equations for the coefficients in the infinitesimal generator

¥ — E(z,y, )0, + n(z, y, u)y + ¢(x,y, )0, of the Lie group of symmetry transformations
admitted by the equation w, = Uge + Uy ‘

, 6. Find the group invariant solution of the lheat equation uy =y, (x,t) € R x RY satisfying
the initial condition w(z,0) = d(z). Here d(x) being the Dirac delta function is defined by
Jo9(2)8(z — a) = g(a), V g € C5°(R).




M. Sc. Examination-2023
Sceimester-111
Mathematics
Paper: MMO-31(A04)
Diflerential Bquations in Ecology
Time: Three Hours :
Questions are ol values as indicated in the margi.
Notations and symbols have their usual meanings.

Trull Marks: 40

Answer any ten questions.

« W Consider the differential equation dr — qg — ba® + ha. Sketch the bifurcation diagram by 4

considering A as the bilurcation parameter. -
s 27 What is functional response? Draw the curves of Holling type-I, type-1II, type-111, and

o tvpe-1V functional responses. e~

8 35 Wl hat are the advantages of a dimensionless model? Using suitable transformation, trans-
form the system 7

& _ azT — by

ar ~  (1+Az)(1+ By)’

Ei—y— = —cy+ i

ar - YT 0+ Azn)(1+ By)
into the system

El_qi — u-— uv

- (1 + au)(1 + Bv)’

dv UV

= -V +

dt (14 au)(1+ Bv)’

(4]

/4. By constructing a Lyapunov function v(z,y) = az® + by with suitable a and b, show that
the system

dx . 5
= = (@)= z? - 3y%),
dz
o =~ —a’ =3y
is globally asymptotically stable. [4]

. (5 Prove that the system
dx , prly
—~ = rx—bxr"— ,
dt g+ a?
dy _ pr’y TYZ I
dt ~ g+ l+ay 2l
e TYE 4
dt 14+ ay

is bounded. \_/ (4]



Y

2

6. Consider the “rabbits vs sheep” problem

da

— = x(3 -2 - 2y),

dt ( 2

!

= = y(6 — 2x —y),

dt

where .y > 0. Draw the nullelines, find the equilibrium points and investigate their
stability,

« # Find the Z-controller Up,(t) of the system

dx

— = am—bmz——,,, RN
dt q+ a? (\* )
dy pry

=y )

so that the prey population x(t) achieves a desired state x4(t). v

37 What is Hopf bifurcation? Prove that the system

dx
dt
dy . .2

o = Trte-2y

= v,

undergoes Hopf bifurcation by considering i as the bifurcation parameter.

< 9~ Using center manifold theorem, determine the stability of the origin of the system

dx 3., .2
a - vy
d: .
Yoo gy+a? v
dt
*40. \What is bistability? Show that the system

dx

— = a(zr—a)(b—2)

dt

exhibits bistability behavior. v

\)/t. Find the interior equilibrium point and Jacobian matrix of the delay model

% = ax(t) - mid(t) — be(t)y(0),
% = ba(t — )yt — 1) = cy(t)2(t) — may(t),
((li_i = cy(t — 7)z(t — 7) — maz(t),

where 7 is the delay parameter.

) 2\ ey 2R
pTY QM")Q)”A Fijj-j/’
= art T

[4]

[4]




3

1 write @ MATLAB code to draw the phase portrait and time series solutions in a single
4 figure for the system

da ( H ) LY

= = al{l—=)————,

dl k q+ e+ wr?

dy pay W
— = = — ny.

di q+ re 4+ wr*

[4]
(\),8/. Consider a linear birth-death process in a stochastic model. Derive a stochastic differential
equation for pn. where p, is the probability of n individuals in the system at any time ¢.-<~ [4]

14, What is the Allee effect? Discuss strong and weak Allee effects with examples. [4]

.)5. Whrite down the system of differential equations from the following schematic diagram:

pHT Td"H
|Y..H o '
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Semester-IIT
\ Mathematics
MMO-31
o ( Nonlinear Differential Equations)
Time: Thice Hown 4 Full Marks: 40
Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

1. (a).Using Direct method solve the Zakharov-Kuznetsov (ZK) equation. s Wk %5 e [5]
{=]
(b) Solve the following nonlinear differential equation

—ay!
zy" + 3y = zeV'.

(5]
<2/ Establish the relation among the amplitude, velocity and width for existence of Sech solu-
tion profile of the modified-KdV equation. [10]
4. Find approximate solution of the Damped and Forced KdV equation. [10]
4. Use tanh method to solve the KdV-Burgers’ equation.  “etYunrbm =0 [10]
6./ Find the solution of Burgers’ equation using tanh — coth method. [10]
S~ Find the soliton solution of the KdV equation using sine — co‘sine method.

W
\
AL o
\»

Al !

4 s\




Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

e the efficacy of a drug. Using occupancy theory, prove that the equilibrium response
y = /7224, K is the equilibrium association constant, A is the concentration of drug
applied and ¢'is a constant. B+7]

@"Ebrmulate the governing equation for receptor/ligand complex (¢(t)) for simple monovalent

cell surface binding model in which the ligand depletion from the medium is significant.
Hence obtain the time-dependent solution of the complex (e(f)). [3+7]

@r“&rte down the model equations for complexes in which two non-interconverting receptor
sub-classes interact with ligands to form two complex species. Solve the equations and also
obtain the steady-state solutions. [3+5+2]

o4 Formulate a single endosome model in which monovalent ligands bind to monovalent recep-
tors. Write down the descriptions of variables and parameters involved. Nondimensionalise
the equations. [4+2+-4]

\& Define receptor cross-linking. Neglecting endocytic trafficking, obtain the steady-state so-
lutions in case a bivalent ligand binds with monovalent receptor on the cell surface. [3+7]

6. Write short notes on
(i) Endocytic downregnlation and sorting downregulation. L
(ii) Diffusive flux and convective flux. E5+51
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(Critical Point Theory in Fluid Topology-I)

Time: Three Hours

Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Full Marks: 40

Answer gquestion no. 1 and any three from the rest.
L. Answer any five questions: [3 =% 2=10]

Ja) What do you mean by phase plane and phase portrait of a syStem?
(b) The velocity fields in a diffuser are given by u = uge~ T and p = poe” T, where ug and
po are constants. Find the rate of change of density at r = L.
A What is path line” Write down the differential equation of a path line.
Describe geometric interpretation of stream function.
(e) Distinguish between streamlines and skin-friction lines,
(f) How vortex lines are connected to skin-friction lines?

/[g} What do you mean by separation and attachment?
ﬁ'\‘u'hal is node-saddle point of attachment? How does it form in the flow field?

/2. (a) Show that (0, 0) is always an unstable critical point of the following linear system 5]
1
= I=pur+y -
¥=-z+y,

where g is a real constant and p # 1. When is (0,0) an unstable saddle point? When
is (0.0) an unstable spiral point?

,p:-‘f Classify (if possible) the critical points of the plane autonomous system corresponding

the non-linear second order differential equation 7 + z — z° = 0. 3]
r(ﬂ/;::etch phase portrait of degenerate unstable node and stable spiral point. [2]
¥ (a) State and prove Reynolds transport theorem. 5
(b) Establish the relation: %[U; = = ™ where symbols have their usual
meanings. ' : 5]

. Show t.lmt_t;he hehn
Folxq, 20) is gove
of the form F¥

[4+3+3]



5. (a) Discuss flow topology associated with a separation with one saddle point and two foci
(b) W’hsf.t are the key differences between separation surface of detachment type and sep-
aration surface of attachment type?

(6]
[4]

6. (a) What do you mean by vortical structures in the flow field? Describe vortical structures
over a delta wing.

[7]
(b) State Poincaré-Bendixson formula when flow domain with surface complexity one con-
tains node, focus, saddle point, half-saddle and half-node as critical points.

3]
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Time: Three Hours Full Marks: 40 °

Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions

%) If K and C are compact and closed subsets respectively in a topological vector space 9
(tvs) X such that K N C = ¢, show that there is a ncighborhood (nbd) V of f in X

such that (K + V)N (C 4+ V) = ¢. Hence deduce that evey tvs is regular. @ [5+2]
(b) If X is a locally convex tvs, then prove that there exists a nbd base of @ consisting of
convex and balanced nbds. (3]

2. (a) Let T be a non-zero linear functional define on a tvs X. Show that the following
statements are equivalent:

(i) T is continuous

(if) Null space N(T') is closed

(1) N(T) is non-dense in X

(iv) T is bounded in some nbd of # in X.

(8]
(b) If X is locally bounded tvs with Heine-Borel property, then prove that X 1is finite
dimensional. [2]
3. ta) Let p be a seminorm on a vector space X. Then for z,y € X, prove the following:
(i) p(6) = 0. ,
(ii) |p(z) —p@)| < plz—y) Yo,y €X. @
(iii) p(z) >0 Vz € X.
(iv) {z € X : p(z) = 0} is a subspacc of X.
(v) If B={z € X : p(z) < 1}, then B is convex, balanced and absorbing and up =p
where pp is the Minkowski functional on X for the set B.
[6]
‘(b) When a tvs X is said to be normable? Prove that X is normable iff its origin has a
bounded convex nbd. 4]
= A/(a) State and prove closed graph theorem. (6]
(b) Let X be a tvs and Y be a Hausdorff topological space. If f : X — Y is continuous, .
then prove that the graph G of f is closed. @ 2
A+BCcA+B 2
(¢) Let X be a tvs. Then for A, B C X prove that A+ B C A+ B. 2]

@ Scanned with OKEN Scanner



\5/6‘ When a tvs is said to be (i) locally convex (ii) an F -space’ -

(b) Let X be a tvs and Y be a subspace of X. If dimY = n (finite), then prove that amy -
isomorphism from C™ onto Y is a homeomorphism. |5

5.
(¢c) If m C 72 are topoloies on a set X and if 71 18 qu{_lpped with Hausdorff topology, 72 1S )
compact, then show that 71 = T2- @ 3
6. (a) State and prove Krein-Milman theorem. s
(b) Let X be a tvs and A C X. Show that
A=nNn{A+V :V is any nbd of #}.
[
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Questions are of value as indicated in the margin
Notations and symbols have their usual meaning

Answer any four questions

1. (a) Find the second order accurate finite difference analog of
third order partial derivative using the values of the de-
pendent variable at the (i £ 2, 7) and (2 £ 1, j) points.

(b) Reduce the equation ., + z%uy, = 0 to a canonical form.
2. (a) Find the Peaceman-Rachford ADI method for the two di-

mensional heat flow equation in the domain R = [0 <
z,y < 1] x [0,7] subject to some initial and boundary

5]
15]

conditions. Also find the stability criteria of the method. [2+3]

(b) Consider the general heat conduction equation with com-
plex coefficient u; = (a + ib)ug,. Show that if @ > 0, the
Crank-Nicolson method is unconditionally stable,

3. Solve the one dimensional heat conduction equation w; = .,
subject to the initial and boundary conditions

uw(z,0) =sin(rz),0 <z < 1
u(0,t) = u(1,t) =0

using (i) the Schmidt method, (ii) the Laasonen method, (iii)
the Crank-Nicolson method and (iv) the Dufort-Frankel method

15]

for h =1/3 and k = 1/36. Integrate upto two time levels[24-2+4+-2]

4. Show that the partial differential equation uy = wu,, with u =
f(z) and w, = g(z) at t = 0, may be replaced by the difference




scheme

= =t + 2L = r?Jup + ¥ Ul y)

ug: = fm :

urln . kgm + (1 = rg)fm- =5 ﬁrz(.fm#*l T fmhl)

where r = k/h. Find an expression for the local truncation
error of each of the finite difference expressions and find the
order of the method. Using

fle) = =2, 0<2<1/2
= 1l-gz 1/2<3<]1
g(z) = 0, 0<2<1
and u(0,?) = 0 = u(1,t), find the solution upto two time steps
with h = 0.2,7 = 1/2. [5-+5]
5. (a) Consider the two dimensional hyperbolic differential equa-
tion
Utt = Ugy + Uy

subject to initial conditions
wz,9,0) = f(z,y) 0<z,y<1
u(z,9,0)=g(z,y) 0<z,y<1

and the boundary condition prescribed on the boundary of

the unit square. Using the central difference for time and
space variables, derive the finite difference analogue of the
above differntial equation. Find the truncation error and
stability criteria of the derived finite difference equation|1+3+4]

(b) Derive higher order finite difference method for Uyt = Ugy+
*  u,, using

(52
K8 = 1 + O(k")

282 _ 42 2w X
haa = T+ ez * O(h?) S Y=

42
hzaé:g = Fﬁ@ + O(hﬁ).



6. For the boundary value problem

V=84 04 =4 |2 <1,[y| < 1

u = 0, on the boundary

write a five point and a nine point difference formulation with
mesh spacing A in both the directions. Solve the difference
equations exactly for h = 1/2. [10]
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Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

1. (a) Define a simply connected set in C. Let G be a domain and let H(G) denote the collection of
all analytic functions on G. If G is simply connected, prove that for each f € H(G), there is a
sequence of plolynomials {P,} which converges to f in H(G).
(b) Let G C C be an open set and E be a subset of Co \ G which meets every component of
Cw \ G. Let R(G, E) be the collection of all rational functions on G with poles in E. Show that
R(G, E) is a dense subset of H(G). [(1+5)+4]

/7~ (=) What do you mean by harmonic functions? Explain with examples. Prove that every harmonic
function on a domain possesses the mean value property. Is the converse true? Justify your answer.
(b) Establish the maximum and minimum principle for harmonic functions. [(2+3+1)+4]

B gf{ Find, if possible, an entire function f(z) = u + iv such that u(z,y) = z* + y* — 622y? — 4zy.
@ ”  (b) Describe Dirichlet problem for a disc. Prove that it has (assuming the existence) a unique
solution. [5+(1+4)]

4. (a) For a periodic function f, discuss the difference between its periods and primitive periods.
Prove or disprove: The period points of a non-constant periodic function cannot accumulate in a

finite region.
(b) Define an elliptic function f on a domain. Describe, in detail, the period parallelograms
asociated with such an f. ' [(14+4)+(1+4)]

5. (a) Let f be an elliptic function. What do you mean by a cell for f? Show that the sum of the
residues at the poles of f in a cell is zero.
«(b) What is Weierstrass’ elliptic function p(z)? Prove or disprove: The function p(z) is an even
function but g’(z) is an odd function. [(1+4)+(1+4))

—

/1 Oé/ (2) Let f bea meromorphic function on C. Describe the functions m(r, f), N(r, f) associated with
"#  f and define Nevanlinna’s characteristic function T'(r, f) of f. Hence evaluate these functions for

f(z) =€
(b) State and prove Nevanlinna’s first fundamental theorem. ((3+3)+4]
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