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script for cach group
Semester-111 (CBCS)
Mathematics
Paper: GEC 3
(Differential Equations and its Applications)

Time: Three Hours Full Marks: 60

Questions arc of values as indicated in the margin.
Notations and symbols have their usual meanings.

Group A (Ordinary Differential Equations)
(Full Marks: 40)
Answer any four questions.

1. (a) For which valuc of m, the function S defined by f(z) = (222+42¢” 43)e™= is a solution of the differential

equation
d

2Y _ e +dze™,

dr

(b} Obtain the differential equation of all the circles each of which touches the z-axis at the origin.

(c) When a differential equation of the form M(z,y) dz+N(z,y) dy = 0 is called exact? Examine whether
the cquation (1 — 2zy — y?) dz — (z + y)? dy = 0 is cxact or not.

2. (a) Solve: cosy% + Lsiny = 1.
(b) Solve: (z* + 3zy?) dz + (y° + 322y) dy = 0.
(c) Show that z(z2 — y2) ™' is an integrating factor of the equation (22 + y?)dz — 22y dy = 0 and hence
solve the cquation.

3. (a) Find the orthogonal trajectories of the family of curves « = 14& + 5%-, ¢ being a variable parameter.

(b) Solve: z%’;’ +y=v’Ing, ylz=1)= 3

4. (a) Write down the geometrical significance of the singular solution in Clairaut’s equation.

(b) Solve: ayp?+ (2z - B)p—y = 0,p= %, a and § are two parameters.

(c) Solve the equation y = pz + V@*p? -+ b? and show that the singular solution lies on a parabola, a and

b are two parameters.

(a) Show that the functions {e?%, ¢2 cosdz, e2*sin 4z} arc lincarly independent.

[

(b) Solve: % — 4y = ze?=,
(c) Solve: (D? +4)(D? + 1)y = cos 2z, D" = o

6. (a) Solve the system of equations ’fl—f =

—wy and :—f:l = wz. Hence show that the solution lics on a circle.
v . . 2 7
(b) Solve by using the method of variation of paramcters :,[—Ie'{ - 4;—‘% + 4y = 2e?7,

(c) Solve: J;Z;T’;‘;g -zl gy = cos(Inz) + zsin(In ).

dr

[2+5+3]

[2+4+4]

[5+5]

[2+3+35]

(2+3+5)

[3+3+4]



Partial Dillerential Equations)

(Full Marks: 20) '
Answer any lwo questions.

Group B (

q y olc < )¢
l ot ral ll')t l”t‘) a nd b TOo
1 l/' ll, “ll)” CO. 1 a ‘ 9!

1. (a) TForm the partial differential equation by ¢
; 3,3
m(az — 1) = a? -+ ax’y” + b.

What kind of partial differential equation is Lhis?
(b) Find the order and degree of the following partial diflerential equations:
1
4 P 4 y 5
(i) (%:r + ‘—)—~> = ay?z? +cos (5%)

Or

(ii) (g;g) +;r:g;—} = (z? +y2)ev 23, '
2l a— = = 2
p+ Glawg+ L8ay = 0,p= 3, 0 = 5;-

(¢) Solve the partial differential equation ﬂ’%lyz
[4+2+4]
2. (a) Form the partial differential cquation by climinating the arbitrary function ¢ from
2
. x z
sinz =y d)( 7 :z:>

(b) Classify the following partial differential equations:

(i) (Inz —zy?)p+ (y — 2)g = 2¢7,

(ii) zyp + e¥q =sin(z + y + 2).
(¢) Solve the partial differential equation gzy + pq + pz — zz = 0, using Charpit’s method.

' [3+2+35]

3. (a) Find the general integral of the partial differential equation
(z® + 42y )p — (12%y + 1 )g + (y* — 2®)z = 0.
Hence find the particular integral which passes through the straight line z = 1, z = Y.

(b) Solve the partial differential equation (p? + ¢%)y = ¢z, using Charpit’s method.
[5+35]
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Full Marks: 60
are of values as indicated in the margin.

Questions
ols have their usual meanings.

Notations and symb

Answer any siz questions.

converge? Show that lim a, = 0 is a necessary condition for the
n—00

(a) When does a scrics San
convergence of the series S an. Is this condition sufficient? Justify your answer.

o0
1
(b) Prove that Z o is convergent and find the sum. [(1+2+3)+(2+2)]
n=0
//V
(a) If T an is a convergent series of positive terms, prove thatﬂthe series Za?l is also convergent.
_(b) Examine the convergence of the series sin 3 + sin 1 + sin 5 + -
[

1 22 33
[4+3+3]

(c) Show that the series 1 + i + a7 + 3 + ... cannot converge. yal

(a) What is Cauchy’s root test for positive series? Use it to test the convergence of the series

Znse—".
(b) State Gauss’ test for positive series.

(1'3>4+ (1 '3'5)4---. ((2+3)+(2+3)]

2.4 2.4-6

. . 1\~
Hence discuss the convergence of the series (;) +

4

4

§ notations. Show that f: [a,8] — R -

{gl};’Déﬁne the continuinty of a function at a point using e-
[a,b] converging to c, the sequence

is continuous at ¢ € [a,b] C R if for every sequence {zn} in

{f(zn)} converges to f(c).
AR —L -
(b) Show that the function f : R — R defined by fl=z) = { bug) z ig z i g is not continuous

/A
C

at 0.
(¢) Prove or disprove: Every continuous function on R is bounded. [(2+3)+3+2]

(a) If f : [a,b] — R is continuous on ‘a, b], prove that |f| is continuous on (a,b]. Is the converse

true? Justify your answer.
(b) Classify the discontinuities of a function defined on [a,b]. Find the points of discontinuities of

the function f(z) = [z] + [~=z]. @ [(3+2)+(2+3)]
(a) Let f,g : R — R be continuous on R. Show that the set A = {z € R: f(z) < g(z)} is an

open set in R.
(b)'Let f: (a,b) — R be uniformly continuous on (a,b). If {zn} is a Cauchy seqeunce in (a,b) z

show that {f (z,)} is a Canchy sequence in R. Hence examine if the function f(z) = sinZ is S

uniformly continuous on (0,1). = [B+(3+4
&

(a) Show that f(z) = sinz 4 cosz is a function of bound iati i

( : sin: sz is a fu ed variation on [0, §]. F the variati

Favction ¥ oF f on [0, 3], [0,%]. Find the variation

(b).Prove or disprove: A bounded function f : [a,b] — R is necessarily a function of bounded

variation on [a. ). [(343)+4]

(a) Prove t'hnt a monotone function [ : [a,b] — R is Riemann integrable on (a, b].
(b) Check if f(xz) = cosec z is Riemann integrable on [0, §].



b
(c) Let f : [a,b] — R Riemann integrable on (a,b] and f f*(z)dz = 0. Show that f () =0at
each point z € [a,b] at which f is continuous. ¢ (34245,

T
9. (a) Let f : [a,b) — R be Riemann integrable on (a,b] and define g(z) = f f(t)dt, = € {a,bl.
Prove that g is uniformly continuous on [a,b]- :

gL .8 it oisrati
(b) Let f: [(), 1] — R be defined by f(:l‘.') ik { 2+ if Tis rational

1
r+2® if zisirrational | Evplugse f f and

. Jo
j;) f and examine if f is Riemann integrable on {0,1].

[4+(24+2+2))
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Questions are of values as indicated in the margin.

Notations and symbols have their usual meanings.

Answer all three questions.

1. Answer any two questions.(10 X 2 = 20)
(a) i. For n > 1, show that A, has order n!/2. Give a reason why the set of odd
permutations in Sy, is not a subgroup. Justify your answer [2+42]
ii. Find all odd permutations of order 5 in Ss. [4]
iii. Let 8 = (123)(145). Write * in disjoint cycle form. (2]
(b) i. Let H be a subgroup of R*, the group of nonzero real num
tion. If Rt C H C R*, prove that cither H = Rt or H = R*.

bers under multiplica-

3]
ii. Suppose that K is a proper subgroup of H and H is a proper subgroup of G. If
3]

|K| = 42 and |G| = 420, what are the possible orders of H?
Prove that a group of order 63 must have an element of order 3. [2]

iii.
Give an example to show that the converse of Lagrange’s Theorem does not hold

1v.

—
%)

in general.
(¢) i Prove thata quotient group of a cyclic group is cyclic.
ii. What is the order of the element [14]+ < 8 > in the quotient group Zas/ < 8 >7
5. Consider the subgroup H = {(1), (12)} of Ss. Does there exist a quotient group
of S5 modulo H? Justify your answer

le with proper justification of a non commutativ
Find all normal subgroups (if exists) in the

NS

3]

iv. Give an examp e group of which

every proper subgroup is normal.
group Zs7? [2+1]
9. Answer any two questions.(10 x 2 = 20)
[4]

er addition is commutative.

(a) i. Show that a ring that is cyclic und
under addition is also a subring of Z. (3]

ii. Explain why every subgroup of Z,

iii. Prove that an element A € My(Z) is a unit if and only if detA = £1. [2+1]
(b) i. Prove that characteristic of a finite ring is a divisor of the additive order of that
a finite ring is always finite. [3+1]

ring. Hence show that characteristic of

ii. Show that the sct S = { ( Z Z ) ta € IR} is a field with respect to usual matrix

addition and multiplication.

iii. Give an example of a commut

domain. justify your answer
ative ring with unity every maximal ideal is a prime ideal.
xists maximal ideal that is not prime. [3+2]

ring Z[i] is prime or not? [3]

ative ring without zero-divisors that is not an integral

(¢) i Show that in a commiit
Give an example of a ring in which there e
Check whether the ideal < 2+ 21 > of the

il.
If an ideal I of a ring 12 contains a unit, show that I = R.

iii.



3. Answer any two questions.(10 x 2 = 20)

(a) 1

il.
1ii.

(b) i

1.

111.

1.

1.

Find conditions on a,b,c € R so that v = (a,b,c) € R3 belongs to W =
span((1,2,0), (—1,1,2), (3,0, —4)). .

Let U and W be two subspaces of a vector space V. Show that U + W is the
smallest subspace containing U and W. Hence show that U+ W = L({UU ‘/V)_-
Determine whether the veetors (1,2, —3,1), (3,7, 1, ~92),(1,3,7,—4) in R?* are lin-
carly dependent or independent.

Show that every vector space has a basis.

The sct of all 3 x 3 matrices having trace equal to zero is a subspace W of M, un(R).
Find the dimension of W7

Lot V be a finite dimensional vector space, and let .S be a subset of V. Prove that
there is a subset of S that is a basis for L(.5).

i. Let V be an inner product space over R. Then show that for all z,y €V,

<2,y >< |lll- Iyl
Show that every orthogonal set of an inner product space is lincar independent.

Find the orthogonal projection of the vector 4 + 3t — 2¢2 on the given subspace
Pi(R) of the inner product space P(R) with the inner product < f,g >=

/0 F(H)g(t) dt.
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Mathematics
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(Differential Equations-I)
Full Marks: 60
Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer Question No. 1 and any four from the rest.

Answer any fen questions from the following: [10 x 2 = 20]
Find three different solutions of the differential equation ;—1-'5 = zy'/?, y(0) = 0. [2]
Solve the differential equation (%)2 + .jg—g +2=0. (2]
Solve: 2x(y + 1)dz — ydy = 0. [2]
Find the value of a for which the differential equation (1 + z2y° + az?y?)dz + (2 + 23y + z%y)dy = 0
becomes exact. [2]
Find a third order linear homogeneous differential equation whose linearly independent solutions are
e®, e2* and e3%. [2]
Find the orthogonal trajectories of the family of circles z? + y? = ¢, 2]
Consider the differential equation 3:25—:% — 2.1:% —4y = 0. If W(1) = 1, then find the value of
W(7) - W(3). 2]
Solve: (D% + 1)3(D + 2)%(D? — 1)3y = 0. (2]
Find an integrating factor of the differential equation y(ydx — xdy) + z?(2ydz + 2zdy) = 0. [2]
Find the differential equation of all circles passing through the origin and having their centers on the
axis of z. o . i - . [2]
Let z(t) be the solution of the differential equation Z—f = z(z —4) (2 — 11) satisfying the initial condition
z(0) = 6. Find the value of z(t) when ¢ — oo. [2]
Explain why it is always possible to express any homogeneous differential equation M(z,y)dz +
N(z,y)dy = 0 in the form & — F(f). [2]
If an integral curve of the differential equation (v— z)% = 1 passes through the points (0, 0) and (a.1)
then find the value of a. [2]
Solve: 2 (z%) =z;y(1) = 0,3'(1) = 0. [2]
Prove that the transformation v = y'~"(n # 0 or 1) reduces the Bernoulli equation % = P(z)y +
Q(z)y™ to a linear equation in v. Hence solve the equation % +y =xy°. [3+2]
If ef ¢4y is an integrating factor of the differential equation M (z,y)dz + N(z, y)dy = 0, then find
the expression of ¢(y). Hence solve the differential equation y(2z%y + e*)dx — (e” + y3)dy = 0. [3+2]

2
Solve the nonlinear differential equation y + a:;—if -zt %ﬁf_) = 0. [3]
Solve the equation IQ%’% (1 +2)E +2(1+2)y = #?, where y = x and y = ze** are two linearly
independent solutions of the corresponding homogeneous equation. (4]
2 2 .
If 2 and v are any two solutions of the equation % + P(:E)—{'j—_-é + Q(z)y = 0 on an interval [a, b], then
prove that their Wronskian W (u,v) is either identically zero or never zero on [a, b]. (3]
Solve the homogeneous differential equation (3zy + y*)dx — 32%dy = 0. 4]
Solve: %i—f - 3—;’ + 4y = e®cosx. [4]
’ ’ . g . % . d
Use the method of isoclines to sketch some of the solution curves of the differential equation 3% =
z? + 42 [2]
; 2

Using the method of undetermined coefficients, solve the equation (D?4+ D -6)y=e*+a"+ 1 (5]
Find the singular solution and extraneous loci of the differential equation 4p2e = (3 — 1)% [5]

= 2p to Clairaut’s form by the substitution 22 =« and y?=uv. as1]

+

(a)

Reduce the equation (pz — y)(x — PY)
Hence solve the equaion.




¥:

(b) Solve the differential equation %
0<z<1and f(z) =0, whenz > 1. Hence find the

(a) Find the orthogonal trajectories

(l ) SO]V ati 287y _ 9G¥
D (] Lll(f cquat T -y T
jue tion x £ U537

at angle of 457,

+y = f(z) with initial condition y(
value of z(5).

of the family of curves r = asint.

— 4y =z

0) = 0. where f(x) =

)

-y

when

o) Fir ) » ) . ; . . ; g
(¢) Find the equation of the family of curves which cut the members of the family of straight lines y = cr

[4+1)
(2]
(4

()

o

-
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