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Unit-T (Full Marks: 30)
(Complex Analysis)

Answer any three questions.

Iff:C—Cisa function such that »lil)r,x”f(z) — 10, where w € C, then show that Z]»ljrzl” f(z)=w. (3]

If a continuous function f: D — C, defined on a domain D, takes only the real integral values, show i

that [ is constant.
Derive Canchy-Riemann equations in complex form.

Examine if u(z,y) =y + e cosy is a harmonic function in C. If possible, find its harmonic conjugate
and then construct an analytic function with u(z,y) as its real part.
o0
Discuss the convergence of the series Zn(l +4)(22)" "
1
Let f: C — L be analytic, where L is the line @ + 2y = 1. Prove or disprove: f is bounded in C. [3]

(4]

(3]

Find all the Mébius transformations of the unit disc |z| < 1 onto the right half-plane Re(w) = 0. [5]

Evaluate /(Ed.'z + zdz) along the curve I' defined by 22 — 222 + (2)%2 = (1L + i)z + (1 — i)z from the

J1
point z = —1 + i to the point z = —6 + 2i. [5]
State and prove Cauchy’s integral formula. [4]
Describe the orientation principle related to Mobius transformations. Hence find the image of the
2z
exterior of the circle |z 4+ 2| = 2 under the map w(z) = S rE [1+43]
z
What do you mean by the cross ratio of four complex numbers. Explain how it is related to Mobius
transformations. [(1+1]
Using the techniques of Complex Analysis, establish the fundamental theorem of Algebra. [4]
If f is an entire function satisfying f(z) = f(z + 21) = f(z + 22), ¥z € C, where 2z and 2; are two
non-zero complex numbers such that f’z- ¢ R, show that f is constant. [4]
Evaluate fﬁdz, where T is the right-half of the circle |z| = 1 from z = —i to 2 = <. [2]
r
Unit-IT (Full Marks: 30)
(Metric Spaces)
Answer any three questions.
Define a metric space. Give an example of it with proper justifications. [24+1+2]

Let X be a non emply set and p be a real valued function of ordered pairs of elements of X which

satisfies the following two conditions:

pla,y) = 0if and only il @ = y and p(a,y) < p(a, z) + p(y, z). Show that p(a,y) is a metric on X. [3]
Let £ be the set of all real numbers and for @,y in R, let p(z,y) = [a? — y!|. Show that (X, p) is not

a metric space. (2]
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(a) Define a convergent sequence in a metric space (X, p). Show that in a metric space (X,p), if zn 0
and y, — yp as n = co then p(n,yn) = p(To, Yo)-

(b) Show that necessary and sufficient condition that a sequence {x,} of points of X converges to x € X is

that every neighbourhood S(z,a) of x contains all the points of the sequence except perhaps a finitely
many.

(c) Is the arbitrary intersection of open sets open in a metric space? Answer with reason.

(a) Define the closure A of a set A C X in a metric space (X, p). Prove that a point p € A if and only if

SN A #Q for every neighbourhood S of p. (14242

(b) If A, B are subsets of X in a metric space (X, p), then show that
(i) Ac A4, (ii) A C B implies A C B, (iii) AUB=AUB. [14+2+2]

2l

(3]

(a) Give an example with proper justification of a Cauchy sequence in a metric space.

(b) Prove that a Cauchy sequence, which has a convergent subsequence is itselfl convergent.

(c) Define a complete metric space. Prove that Cla, ] is a complete metric space, [1+4]
(a) Let X be a metric space and Y be a subset of X. Then prove that Y, considered as a metric space is
closed, if it is complete. (1+3]

(b) State and prove Banach'’s contraction mapping principle.

(6]
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Notations and symbols have their usnal meanings.

Group - A (Group Theory)
Answer any four questions.

; _ . N
Let G = {( (1) ?l > | € R}. Show that the group G is isomorphic to R. Arc the groups R* and R
isomorphic?
Consider the group homomorphism f : C* — C* defined by f(z) = z'%. Find the kernel and image
of f.
Let f: G — G’ be a homomorphism and H be a subgroup of G. Show that F~Yf(H)) = Hker f.
Prove that the group Q/Z =~ G where G = Uy,enCy, is the group of all roots of unity.

State and prove the second isomorphism theorem for groups.

Define a suitable homomorphism f : GLa(R) — R* to show that the order of the group GLx(R)/N
is two where N = {A € GLy(R) | det A > 0}.

Find all homomorphisms from Z onto Zy.

Is Z a homomorphic image of R? Justify.

Show that GL»(R) is not isomorphic to R*.

Show that an infinite group G is cyclic if and only if it is isomorphic to each of its nontrivial subgroups.
Find Aut(Ky).
Prove that Aut(Z,,) ~ U,.

Group - B (Ring Theory)
Answer any four questions.

State and prove the correspondence theorem for rings.

Let R be a ring with 1. If the characteristic of R is a prime p, then show that R has a subring
isomorphic to Z,,.

Find all ring homomorphisms f: Z — Z.

Let X be a nonempty set and R = Map(X, Z2) be the ring of all mappings from X into Z.. For every
a € X define C, : X — Zy by

v _J 1 ife=a

Show that as rings P(X) ~ R.
Show that no two subrings of Z arc isomorphic.

Let 12 be a ring homomorphic image of Z. Show that R is a commutative ring with unity and cvery
ideal of It is principal. )

Use correspondence theorem to find the number of ideals of Z oo

Let R be a conmnutative ring with 1, and I and J he two ideals of R such that B = J + J. Show that
IJ=InJand R/IJ~R/I x R/J.

[2+1]

2l
2]
3]

Bl

(2]
2]
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(a) Find all maximal idcals of Zoo. and only if

. ] i
i > . M is maximal i
(b) Let R be a commutative ring with 1 and M be an ideal of 2. Show that A

R/A is a field.
ime i ' T > imal ideal?
(a) Show that the ideal < @ > in Z[x] is a prime ideal. Is <. > anaxim 1l idea

ime i i an ring with 1 is maximal,
(b) Show that every prime ideal in a Boolean ring with 1 b

Group - C (Linear Algebra)
Answer any four questions.

(2) A lincar transformation T : R® — R® is defined by T'(2,y.2) = (x —y+ 22,2+ 2y — 2,22 +y + z)-
Find the rank and nullity of T \ . ]

(b) Is there any lincar transformation 7' : R® — R? such that ker T = {(&,y.2) € R® | 22 = y = 3z} anc
ImT={(z,y,2) € R® | &+ 2y + 3z = 0}?

(a) Let A be an m x n real matrix. Define T: R* — R™ by T(X) = AX. Show thi.lt T is onc—to-o‘nc if
and only if #(4) = n. Then show that ST = TS for cvery S € £(V) if and only if T = c¢ly for somc
scalar c.

(b) A lincar transformation T : R? — R? is given by T'(z,y) = (2z — 3y, + 4y). Find the image of the
line z + 2y = 1 under 7.

(a) Let V and W be two finite dimensional vector spaces and U is a subspace of V. Prove that there is a
lincar transformation 7: V — W with ker T = U if and only if dimU 2 dimV — dim V.

(b) Let T: ¥V — W be a lincar transformation. Show that V has a subspace U such that V = ker T U
and ImT = T(U).

(a) State and prove the rank-nullity theorem.

(b) Let D, : P(R) — P(R)

be the differential and integral operators. Show that {D, I} arc lincarly
independent.

(a) Let T: V — V be a lincar operator such.that T2 — cT for some ¢ € F. Prove that V = ImT @ker T.

(b) Let S,T: U — V be two lincar transformations. Then show th

at |rank(S) —rank(T)| < rank(S +T) <
rank(S) + rank(T).
1 1 0
(@ LetA=[1 0 -1

be the matrix of a lincar transformation 7 : R® — Py(R) in the basis
0 -1 1

A ={(1,1,0),(1,0,1),(0,1,1)} and 4 = {1+t 42142}, Find T.

(b) Show that the rank of a lincar transformation is same as the rank of cach of its matrix representations.

(2]
(3]

(3]
(2]

(2]

(3]

(3]
(2
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(Computer Fundamentals)

Time: Two Hours Full Marks: 20

Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

Answer any four questions.

(a) Write two differences between compiler and assembler.

(b) A Fibonnaci sequence is defined as follows: 0,1,1,2,3,5, - (Fn+1 = Fn+F‘ _sm 2 1)
Using standard symbols, draw a fAowchart to find all the numbers of this sequence
which are < 2023.

(a) Why are the following unacceptable as FORTRAN 77 rea! constants?
(i) 5E — 7 (ii) E + 8 (iii) 8,987.43 (iv) 7.6E2.8
(b) Write a FORMAT statement to print an integer value —2023.

(c) What do you mean by character expression? Explain with a suitable example.

(a) Assume that M and N are integer variables having the values —75 and 78 respectively,
and that X, Y, Z are real variables with values —73.56, 30.0 and 114.7 respectively.
Find the value of the following expression. i
NOT. (M .GT. N) .AND. (X .LT. Z)) NEQV. (M .L. N) .OR. (X .GE. 2))

(b) State two main differences between READ statcment and DATA statement.

(a) The graph of the equation z? +y2 = 50 is a circle with center at the origin and radius
V/50. Write a FORTRAN 77 program to determine the number of points with integer
coordinates which lie in the circle.

(b) Write an arithmetic IF statement equivalent to:
GO T0O(15,25,35), JACK
(c) Point out the errors (if any) in the following:

DIMENSION M (50)

$=00

DO15J=1,3

15 IF(M(J) .EQ.0) S =S +J

(a) Write the FORTRAN 77 prograin segment for the following flowchart using [F-THEN-
ELSE statement.

(3]



(b)

(b)

Rewrite the following FORTRAN 77 segment using a DO loop.
KOUNT =0

[2]
I=T+1
10 READ(x,5) A

IF(A.GT.0) KOUNT = KOUNT +1
I=I+1

IF(I .LE. 250) GO TO 10

Find the output (1entioning all the necessary steps involved) of the following program: 3]
INTEGER X(6)

DO 10 K =1, 6, 2
X(K)=3xK
X(K+1)=K+2

10 CONTINUE
DO20J=1,6,3
X(J)=X())+X(J+1)
20 CONTINUE
IF(X(2) .LT.7) X(2) = X(3)
WRITE(6,15) X

15 FORMAT(1X,618)
STOP

END

Define a statement function to calculate Z = v/a;b, + agb, and write an assignment
A Vri eVl by 2
statement to calculate A = T il
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Notations and symbols have their usual meanings.

Group A (Physical System)
(Full Marks: 30)
Answer any five questions.

. How is a simple Pendulum mathematically modeled? Line

arized it to convert into a ‘simple harmonic
motion (SHM)’

- If a periodic force of the form fq coswt is added to the SHM, explain the resonance.

[24+1+3]
2. Derive the heat cquation when there is no loss or gain of heat. Explain cach parameter of the equation.
Also, write the initial and boundary conditions of the equation. [3+2+1]
3. What is meant by a ‘perturbation’? For a damped harmonic motion X + ¢X + w?2X = 0, where € is the
perturbation paramecter, obtain the solution up to sccond order perturbation. [2+4]
4. () Write the difference between the Static model and the Dynamic model.
(b) Write the difference between the Explicit model and the Implicit model.
(¢) Write the difference between the Discrete model and the Continuous model.
(d) Write the difference between the Deterministic model and the Stochastic model.
[1.5+1.54+1.5+1.5]
5. Explain Over damping, Under damping, and Critical damping for a damped harmonic oscillator. How do
you solve a damp harmonic oscillation where the external force is of the form Jfo cospt. [14+1+1+3]
6. (a) What do you mean by the Physical and Mathematical Models?
(b) How do they differ from Real World Problems?
(3+3]

7. With a schematic diagram, design a ‘LRC circuit’.

Obtain the differential equation of the circuit. Solve the
differential equation by explaining each parameter

in the solution. [2+1+3]

Define a ‘SHM". Obtain the mathematical model of SHM. Convert the equation into

a system of an ordinary
differential equation Az = 0. Find the cigenvalue of the matrix A and the nature o

f the fixed point. [1+2+1+2]




1.

!\D

- Write the limitations of the L,

- What do you mean by

Group B (Biological System) |
(Full Marks; 30)

Answer question number 1 ang any two from the rest,

Answer any two questions.
(a) Define an autor

non-lincar ordip
Consider the 8\

omous system and de

scribe the differe
ary differential equations,

nt kinds of equilibrium points of the system of

'stem
dr
d—t - ‘T(l - - y):
dy
E = ﬁ(I - Q)y,

@, 3 are positive constants. Show that the non-triv
(b) What do You mean by phase plane analysis in

ial cquilibrium point (a,1 — a) is stable if o < 1.
ing linear autonomous system and classify th,

dynamical systemg? Sketch the phase diagram for the
¢ equilibrium point:

dz
@& S T2,
d
d_gt/ = 5z +4y.

(c)Ina two-dimensional (2D)

autonomous system, it is well known
model of mutualistic symbiosi

that there can be no limit cycles in the
S populations - Validate the statement via mathematical analysis. [

occurs at ¢ = %loge (1?0) — 1, where a and b are the intrinsic growth rate and intra-
factor respectively and N, is th

specific competition
e initial population size.

[2+4+4]
otka-Volterra predator-

prey model. Carry
point. Specify the solution

co-existence equilibrium trajectory of the m

out the stability analysis about the
each species.

odel, taking into account the size of
[2+4+4]
2 reaction-diffusion system? Using

diffusion model in one spatial dimension. Include some exa

Fick’s law, develop a single-species reaction-
diffusion models.

mples of both linear and non-linear reaction-

[2+6+2]




