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Unit-I: Algebra I (Marks: 40)

Answer any four questions. ((\
(04

‘CVLSL, \

<

\}./ (a) Find the inverse of an clement “ in GL(2,Z1,). .
35 +
Ptz AL

(b) For any integer n > 2, show that there are at least two elements in U,. 3]

(c) Show that a group G is Abelian if and only if (ab)™! = a~'b"! for every a,b € G. [2+2
2. (a) Find a group that contains clements a and b such that O(a) = O(b) = 2 and O(ab) = 2l
2.
(b) Let G be a group and a € Gis an element of order n. If k divides n, show that
O(a¥) = k. [4]

(c) Suppose G is a group that has cxactly cight clements of order 3. How many subgroups
of order 3 are there in G?

[4]

3. (a) Let a be the only element of order 2 in a group G. Then show that a € Z(G). (3]
(b) Show that the set H = {A € GL(2,R)| detA is a power of 2} is a subgroup of
GL(2,R). (3]
(¢) List all subgroups of Dj. [4]
4. (a) Give an example of a non cyclic group, all of whose proper subgroups arc cyclic. Justify
your answer. (3]
(b) Prove that a group G of order n is cyclic if and only of there is an element of order n
inG. [2+2]
(c) Suppose that a cyclic group G has exactly three subgroups: G itself, {e}, and a
' subgroup of order 7. Find the order of G. 3]
5. (a) Show that the number of all even permutations on a finite set is equal to the number
of all odd permutations. (4]
(b) Find 8 € S; be such that % = (2143567). 3
(c) How many odd permutations of order 4 are there in Sg? 3]
6. (a) Show that every element in A, is either a 3—cycle or a product of 3-cycles. 4]

1 23456 7 8.
(b) Find a conjugate element of<2 1 454786 ) s

(3]

(¢) How many proper subgroups are there in a cyclic group of order 1007 Justify your

[3]

answcer.




Unit-I1: Analysis 1 ( Full Marks : 40)
Answer any four questions

' () Prove the following results :
< d

(1) 11 = and a are clements in R with z 4+ a = a then z = ().
(i) 1f w and b(+# 0) are clements in R with w-b = b then u = 1.
(iii) f e € R then -0 = 0.
\(y) Prove the following results:

(i) Ifa € R and @ # 0 then a2 > 0.
..(XI{) Ifa€ R and a > 0 then —a < (.

8. (a) For z € R and = > 0, prove the following results -

(i) There exists a natural number n, such th
(ii) There exists a natural number m such t}
(b) Show that countable

met {zn}, {yn}

and z,

at 0 < % < .
nat m —1 < x < m.
union of countable sets is countable,

and {z,,} be three sequences such that z,,
— | then prove that {.} is convergent

. 1 1 1
Show that 1 —_— — 1 =
kw M nl—Igc{ (n+1)2 * (n+2)2 i (n+ n)‘z}
@(c) Evaluate lim (vVn +1 — \/n).
n—o0

< yn < Zn VYn € N. Ifz,—1
and converges to .

10. (a) Define limit point of a set. Show that 0 is

20T Let S R and = be a limit

a limit point of the set {1,1, 1 .}
point of S. Prove that every neighborhood of z contains
Infinitely many points of S.

r 9

\y/ Give the (e — 8) definition of limit of a function and hence evaluate lin}2 f(z) where
T—r
fla) =a® —4s> + 3242, z € [1,4].

11. (2] When is a sequence said to be convergent ?

Prove that every convergent sequence is
bounded. Does the converse hold ? Justify

your answer.
1
) Bvaluate : lim (1 + =)", n eN.

n—oc n

12. (a) State and prove Cauchy’s First Limit Theorem.

1 1
(b) Evaluate : lim ;{(Qn +1)(2n +2)...(2n + n)}»

(4]
[6]
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Unit I: Analytical Geometry (Full Marks: 40 )
@swer any four questions ]

If transformatlon from one set of rectengular axes to another with same origin the

expression az? + 2hxy + by? + 29z + 2fy + ¢ changes to @' X2 + 2 XY + VY2 +

29'X 4+ 2f'Y + ¢ then prove that

(D) V' —W*=ab—h* (i) o'+ =a+b

Flnd the polar equation of the straight line joining two points on the parabola
=1+ Costl with o — 8 and o + £ as their vectorial angles.

Reduce the equation 3z* + 2zy + 3y — 16z + 20 = 0 to its canonical form.
Fmd the condition that the straight line rCos(# — o) = p touches the conic
L=1+4eCost

Fmd the equation of the sphere for which the circle 2% + y2 4 22 + Ty — 22 + 2
0, 2r + 3y + 4z = 8 is a great circle.

A sphere of constant radius r passes through the origin O and cuts the axes in
A,B,C. Prove that the locus of the foot of the perpendicular from O to the plane
ABC is given by (2% + yz FAR G+ 2+%) =4

Find the equation of the cone whose vertex is the origin and which passes through

the curve of intersection of the plane Iz +my+nz = p and the surface az2 + by> +

ezf =1,
Find the condition that the plane ar + by + ¢z
yz + zz + zy = 0 in perpendicular straight lines.

= 0 (abc # 0), cuts the cone

A variable plane through z-axis and a variable plane through y-axis are inclined

at a constant angle a Prove that their line of intersection generates the cone
2(2? + y? + 2°) = 2%%(tana)

Normals are drawn from the point (a, 5,7) to the ellipsoid 2 = + %

that if the feet of the three normals lie on the plane e +

of the remaining three will lie on the plane = + ¥ + 2 + 1 ~ 0.

Prove that any two generators of the dlﬁerent systems of hyperboloid of one sheet

Iu

= 1; prove

+
= 1, then the feet

[ onnd (?v

intersect.
Find the equations of the generators of the hyperboloid 22 + y2 — 422 = 9 passing

through the point (-3, 4, 2).

[6]

[4]

(5]

[5]
(5]
(5]



Unit-IT : Vector Caleulus (Full Marks: 40 )

(Anmvcr any four qm:stiousl

1. (a) Using vector method, prove that the straight lines Joining the vertices of 4 tetrahedron

to the centroids of the opposite faces are concurrent.

(b) Prove, using vector method, that the internal bisectors of the angles of a triangle are

concurrent.

Je) Let @, 5 and 7 be three vectors such that @ and 7 are perpendicular to each other.
Justify, with proof, whether the vectors & x (8 x ¥) and (& x ) X 7 are perpendicular to

each other.

J (a) Let @ and b be two given vectors. Find vectors & and 7 such that # + 7
and 7-a = 1.
(b) Find the value of p such that the vectors 7 + 3j — 2k, 20 — j + 4k and 3i + 27 + pk are
coplanar.
(c) Prove that the straight lines 7, = @ + t(b+¢) and 7 = b+ s(¢'+ @) intersect.
(d) Prove that the straight lines ¥, = —3@ + 65 + t(—4d + 3b + ¢) and 7, = —2a + 7€+
5(—4@ + b + ) do not intersect.
3. (a) State and prove the Frenet-Serret formulae.
(b) For the differentiable curve R(t) = €' cost i + e'sin# j+et k, find the torsion 7.
dB
ds

(c) Using Frenet-Serret formulae; prove that —i—T: <282 = kT

& (a) Determine the value of A so that the vector field F(z,y, z)=(z4+3y)i+ (y—22)] +

(z + A2)k is solenoidal.

(b) Prove that the vector field y i + = J is both irrotational and solenoidal.

(c) Determine whether the vector field siny ¢ + sin 7 +e* I is solenoidal or irrotational.
5. (a) Define orientation-preserving and orientation-reversing parametrizations of a differen-

tiable curve. Give an example in each case.

(b) Prove that the scalar line integral of a scalar function over a parametrized curve does
not depend on the orientation of the curve.

(c) Prove that every vector line integral can also be expressed as a scalar line integral of
some scalar function.

6. (a) Verify using Green’s theorem that the area of the rectangle [0, a] x [0,8] is ab.
l U..' ¥ G 3 7“ t} . o . . & N e 3.2 2 _
(b) Using Green’s leorem, determine the area enclosed by the ellipse o+ b% =1.

(c) Let 7(t) : [0,1] = R3 be a differentiable curve such that 7(¢) js ap injective function on

(0,1) and 7(0) = 7(1). Prove that fo'zy/(la: + z3dy = 0.
7

=a,Ixy="b

[4+4+2]

[3+3+2+2]

[5+3+2]

[3+3-+4]

[4+4+2)

[3+3+4]
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Questions are of values as indicated in the margin.
Notations and symbols have their usual meanings.

UNIT - I: Algebra IT (Marks : 40)
Answer any four questions.

ﬂa) Define reduced row echelon matrix. Reduce the augmented matrix of the system

2r4+y—32=5
r— (=

or —2y+32=2

to its reduced row cchelon form.

MOlve the following system.

r—2y+32="1
20 -5y +102=0
dr — Ty +8z = 2.

b,(,é?/ Find the values of k so that the following system has unique solution.

r+y+z=1
r+2y+4dz=k
@ 44y + 102 = k2.

2. (a) Draw the column picture for the system 2z +y =8 and x + 2y = 7.
by Determine if (2, —1,6) is a linear combination of the vectors (1,—1,2), (5, —4,4) and (3,2, 8).
\MExpress the vector (2,5, 7) as a linear combination of the three vectors (1,2, 3),(1,0,1) and (1, 3,4).
MFind the value of A such that the vector (1,7, 1) is in the plane spanned by the vectors (3, 5,4) and
(2,4,3).
by Show that two vectors in R? can not span the whole R3.

[2+2]

(3]

3]
3]
(3]
(4]

(3]
(3]

Detine linear independence of vectors. Check linear independence of the vectors {(1,0, —1,2), (3,2, =5, 4),

(5,7,—4,3)}.

4. Uy Find the values of h so that {(1,-2,-1,3),(-3,0,5,4),(=5,6,—4, h)} is linearly independent.
(b) Let o, 8 € R3. Show that a and 3 are linearly independent if and only if they span a plane through
the origin.
\/(,()/Dcﬁnc subspaces of R". Show that V = {(z,y.2) € R* | 2a + 3y — z = 0} is a subspacc of R3.

5. (a) Let ay, a0, 3,04 € RY and A = (a1]az]as|ay). Show that {a;,aq, a3, a4} is a basis of R? if and
only if A is invertible.

1 2 4
(b) Find the null space of the matrix | 0 4 1 | and a spanning set of the null space.
3 2 1

(c) Let A € M3(R) and b € R®. If the system AX = b has a unique solution, then show that r(4) = 3.
Hence or otherwise shiow that the columns of A span R®,

[1+3]

8]

[4)
(3]

(4]
(3]

@l

=



6. (a) Show that every subspace of R" has a basis. [4]
(b) Find a basis and the dimension of the subspace V' = {(r,y,2) € B | 2 + 3y — z = 0}. [3)

(c) Find a basis of the solution space of the homogeneous system:

r—2y+z=0
2e+3y—4z=0
dr—y—22=0.
%)
Unit-II : Analysis IT (Marks : 20)
Answer any two questions.
1. (&Y Find y, where y = e%sin’z. < 3]
) If y = Sin~ 'z then show that
B Q-2 —zp =0
(i) (1 —22)yns2 — (2n+ Vayns1 — ny, = 0.
Find also the value of {yx);- [7]
. 1 anz r
2. (a) Evaluate lim (F)‘ . H]
(b) Find the values of a and b in order that
i z(1 + aCosz) — bSinx _
z—0 3
(6]
3. L&) State and prove Rolle’s theorem. 5
(b) Verify Rolle’s theorem for the function f defined in [1,2] by f(z) = z(2 — 1)(x - 2). [2]

\_Le)/fn the Mean Value Theorem, f(z + h) = f(z) + hf'(z + 8h), it f(z) = a + bx + emT where a,b,c
and m are constants, then show that @ is independent on z. [3]






