Use separale Aanswer Undergraduate Examination-2024
seript fer each group

Semester-11
Mathematics
MJIMAO3 (Algebra 111) .
Full Marks: 80
Time: Four Hours u ks
Questions are of values as indicated in the margit.
Notations and symbols have {heir usual meanings.

Answer any eight questions, by choosing four questions from each group

Group-A(Group Theory)
Answer any four questions. (4% 10= 40)

VAL (a) Forn >3, let H={B € SplB(1) = Lor 2 and fA(2) = 1 or 2}. Prove that H is a subgroup Of D'n:

341
\jﬁetcrminc |H| for n= 5. (3-+1)
@Emlﬂin why Sg contains subgroups isomorphic to Zis and U(16)7 [2+2]
e) Let 8 € Sy and suppose p* = (2143567). Find 8. 2]
[1+43]

2. (a) State and Prove Lagrange’s Theorem on finite groups.

" (b) Let H be a subgroup of R, the group of nonzero real numbers under multiplication. IfR" € H C R*, -

Then prove that H = R or H = R*. B3l

(c) Let |G| = 33. What are the possible orders for the elements of G7 Show that G must have an element g

: of order 3, [2+1]
\/@j (a) Let G be a group of order 100 that has a subgroup H of order 25. Show that every element of G of

order 5 is in H. [4]

(b) Prove that an Abelian group of order 15 is cyclic. 3
(¢) Let H and K be subgroups of a finite group G with H € K C G and [G : H] a prime number. Show

that either H = K or K = G, 3]

/4. (a) Does the subgroup H = {(1), (12)(34)} normal in A4? Justify your answer. : 2]
(b) What is the order of the element 14+ < 8 > in the factor group Zgg/ < 8 > @ive an example of non

commutative group that have a cyclic quotient group. Justify your answer, [2+1]

(¢) If a factor group G/Z(G) has order p? for some prime p, to what familiar group is G/Z(G) isomorphic?
Explain why there is no group G with the property that G/Z(G) is isomorphic to the group of integers
under addition. [3+2]

(a) Show that subgroup of a group with index 2 is normal. Give an example of a normal subgroup in
group with index greater than 2.Justify your answer. [2+43]

(b) Show that every subgroup of an Abelian group is normal. Give an example with proper justification
of a non commutative group every subgroup of which is normal. [24-3]

6. (a) State and prove First Isomorphism Theorem on groups. [14-4]

21
8]

(b) Suppose that ¢ is a homomorphism from Sy onto Zy. Determine Ker ¢.
(c) Find all homomorphisms from Zg to S3.

Group-B(Ring Theory)
Answer any four questions. (4 x 10 = 40)

j_./ (a) Describe the units of My(Z).
Let R be a ring. If (R, +) is a cyclic group, show that R is a commutative ring.

Let R be a commutative ring with unity. If a, is a uni
/ unit and ay,as, - -, ilpot i
that a, + @12 + a22® + + - - + apx™ is a unit in ‘}3[3:] i o

(3]
8]

| ‘ (4]
A [ay Give an example of an infinite Boolean ring with justification.

5 i, 3
ﬁ’ﬁrove that Z,, is a field if and only if p is a prime number. L&
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