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wl. (a) Discuss the convergence of the series whete p €R.
n1

(b)Bxamine the convergence of theseries a -+b+a +� +� t+...where0<a<b<l,

2. (a) Proveor disprove: There exists a convergent series an Such that X a, is divergent.

(b) Describe Cauchy's condensation test for positive series, Use it todiscuss the convergence of the series

1
where p > 0. (2+4]

n=2 n(log n)p

.(a) If {n´an} is a convergent sequence, show that the seriesa, is absolutely convergent.

(b) State Leibnitz's test and Dirichlet's test for infinite series. Give application of these. Show that
(2+2+2]Leibnitz's test is a particular case of Dirichlet's test.

v4. (a) Discuss in how many ways a function fmay be discontinuous at a point =c. Explain with examples.
(4+2|

(b)If f and g are two function continuous at c, show that fg is also continuous at c.

5. (a) Let f,g:R R be continuous on R. Showthat � =fxeR:f(e) = g(z)} is a closed set in R (4)

(b) If fis continuous on a closed and bounded interval I=a,b), show that f()is a closed and bounded
[4+2)interval. Is f(I)'an open and boundedinterval provided I is so? Justify your answer.

6. (a) Let f:(0,1] R becontinuous ou (0, 1]and let f assume only irational values. If f(2)= e, show
that f(z) e for all z€l0, 1].

(b) Iff is uniformly continuous on a bounded interval I,show that f is bounded on I. Is it true if f is

[4+2)coatinuous but not uniformly continuous on I? Justify your answer.

7. (a)Let a functionfbe continuous on an open bounded interval (a, b) and have continuous extension to

R.Prove that f is uniformly continuous on (a,b).

(b)Dehne a Lipschitz function on [a,�. Iff: [a, �-Ris a Lipschitz function on [a,�, show that fis

(1+3+2)a function of bounded variation on a,�. Is the converse trLLe? Justify.

8.(a) Let f: la,� R be a BV-unction on [e,d and Q be a refincment of a partition Pof [a, �. Prove
[4that V(P,f)< V(Q.f).

(b)If f(a) [2:, 2€[1,3,show that f is a function of bounded variation on [1,31. Find the variation

(2+2+2]function V on [1,3). Express f asthe diference of two monotone inereasing functions on (1,3].

9. (a) Iffis a bounded fnctionam [e.� and PQ are two partitions of [oa.�, stow that LPSUQ. f)
(4]and L(Q,f) <UP,).

(b)Define lower and upper Riemnann integralsofboundedfunction on a closed and bounded interval. Find

these for the function f(z)-2, zela, �, a >0and determine if / is Riemann integrable on [a,�. (2-+2-+2]

10, (a) If fis a Riemann integrable fnctionn [e,� and f(»)> 0 for all z€ le, �, show that f may not be
Riemann integrable on [a, b]. Under what additional coudition, f is necessarily Riemann integrable on

a.b]? Establish it. (3+-4)

(b) Let f: Jo, �R be bounded on le,d and be iuntegrable on [e,� for every ce la,b. Pove that f is

integrable on [a,�.

v l. a)Let f:(0,1] � R be defined by f(z) "t® if 2is ratinnal
Find f and f.Hence

if 2 is irrational

determine if f is integrable on [0,1| (3+3+1]



(b) Exanmine the convergence of the improper intgra!
(3;

12. (a) When is an improper integralproper integral f(æ)de called convergent? Explain with examples.
(3]

(b) Show that the improper integral
da

(where a > 0) is convergent if and only if a> 1. Use it to

show that
(3+4]
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1.Answer any five questions.

Solve the system of ordinary differential equations (ODEs)

dc

dt
-wy,

dy

dt

and show that the point (T,y) lies on a circle.

()Giventhe solution y1(æ)=et,find the second linearly independent solution y2(z) of the ODE

(+2),� -(4n +9)� + (3r + 7)y0, 2€R-f�}.da

Construct two first-order differential equations from the following ODE:

Py +2025 y=0d� da

with 2023 and � 2024 at 0.
(d) If y u(») is a solutionof +P(»)� + Q(»)y 0, then show that another independent solutiony=v() is given by v(¢) =u()

[u()}?
d,where the Wronskian W(u, v)satisfies the ODE dy +PW=0.dac

erDefine ordinary and singular points of a second order linear ODE

d'y
ao(z) da2 t a1(T)t a2(z)y = as(z).

about the point z=To. Give examples in support of your answer.

(E) Find the roots of the indicial equation of

22y (+a) +(¢- 2)y = 0

about the point z= 0.
State the condition for integrability of the Pfaffian differential equation

P(,y,z)dz +Q(,y,z)dy + R(z,y. z)dz=0.

tWhat is the number of independent conditions of integrability in a Pfaffian differential equation with fourvariables?(Solve the following total differential equation by inspection method:

(yz+zyz)dz +(zz +zyz)dy +(Ty +yz)dz =0.

[5 21�



2. (a) Stateand prove Abel-Liouville's formula for the nth order linear ODE.

(b) Let yn(a) and y2() be two solutions of the ODE

(1-a) +(sec z)y = 0, -1<z<1d2

with Wroskian W().Ifnla 2,1�� ,32la 15, � 1, find the value of W�).

()Factorize the operatoron the left-hand side of [(z+3)D2+(2+7)D+2y (z+3)2e" (Dm �)
to represent the ODE in right order.

[7+5+3]

3.4Solvethe ODE

(1-a) +4y =0da2

in series near theordinarypointz=0.Whatwill be the particular solutionforyl=0= 1 and l=0=Z!osolve the following system of two linear homogeneous differential equations with constant coefficientSusing eigenvalues and eigenvectors ofthe matrix:

de
di

-T–6y,

dy 3¢+5y,dt

z(t=0) = 0, y(t=0)=2.

4. (a) Identify the number of independent arbitrary constantswithin the general solution of the following
simultaneousequations:

[9+6]

(D)+�:(D)y o(6),

�1(D)u +da(D)y = (t), D=
(b)What do thesolutions of the differential equation

d

dæ
dy

P(*,y,z) Q(a,y, 2)
represent geometrically? Hence solve the following:

dz

R(z,y, 2)

dæ
dy dz2 + y'+yz

z( +y)
(c) Solvethetotal differential equationafter satisfying theconditionsof

integrability

(yz -1)dz +(z- )zdy +(1l-zy)dz =0.

(3+(1+5)+6]



Unit-II Dynamics ofa Particle (Full Marks: 40)]

Answer anyfourquestions.

1.

2.

3.

4.

5.

(a) Define central force and the centre of force.

A particle moves from rest in a straight line under an attractive force ux (distance)- per unit mass.

Show that if the initial distance of the particle from the centre of force be 2a, then the distance will

tine (�+1) ().be a after a time

(a) Prove that the resultant of two simple harmonic motions having slightly different periods issimple

harmonic, ofperiod equal to either of the component motion with varying amplitude and epoch.

(b)A mass issuspended from aceiling by a light elastic string of natural length l. When the mass hangs in

equilibrium ,the length of the string is (l+�. Themass is started of from the position of equilibrium

with downward vertical velocity v. If, in the subsequent motion, the string never becomes slack, then

show that v < cg.

(a) Establish the relation between angular velocity and linear velocity.

(b) Derive theexpressions for thetangential and normal acceleration.

(a) A particle describes a catenary under a force which acts parallel to the axis. Find the law of force and

the velocity at any point of the path.

(b) Show that arectangular hyperbola can be described by a particle under a forceparallel to an asymptote

which varies asthe cube of the distance from the other asymptote.

(a) Prove that the central orbit is a plane curve.

(b) A boat, which is rowed with constant velocity u, starts from a point A on the bank of a river which

Aows with a constant velocity v and it points always towards a point B on the other bank exactly

opposite to A. Find the equation of the path of the boat. If u =v, then show that the path is a
parabola whose focus is B.

[5]

3]

6. (a) Define areal velocity.

(b) If a particle describes a circle of radius a under a force from a point at distance c(< a)from the centre,

then show that theforce varies as

(+-�3.
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1. (a)Let a, band n be positive integers with n odd. Prove that (a+b) |(a+b).

b)Prove that the nn primenumber is strictly bigger than 2n -1for all integer n>5.

Kc) Prove that ged(21n +4, 14n +3)=1for all integer n 1.

d)Let m and n be positive integers such that l +�EZ. Prove that mn.m

(e) State the law of quadratic reciprocity. 521�

v 2. (Determine all primne numbersp such that 3p+1 is a perfect square.

(5)If both p and p +8are prime numbers, then prove that p+4 is also a prime number.

.(c) Let p,...pk be primenumbers, all bigger than 5,such that 6 divides (pi t...+p).
Prove that 6 divides k. (3+3+4]

J3.(a) For any integern > 1,prove that the unit's digit in the decimal expansion of n²-n+7
is either 3 or 7or 9.

-(b) Letn>lbe an integer such that both 2n + 1 and 3r + 1 are perfect squares. Prove
that 40 divides n.

(c) If p> 5 is a prime number, then prove that 13 divides (10 -10P +1). (3+-4+3]

4.)Let n > 1 be an integer such that gcd(n,35) =1. Prove that n=1 (mod 35).

(b) Determine,with proof, if there exist positive integersm andn such that n'+n+1=m².

(c) For any integer n2 1, prove that there exist n consecutive positive integers,none of

which is a prime or a prime power. (4+3+3]

5.(a) Prove that an integer n > l is a perfect square if and only if r(n) is odd.

(b) For an integern>3,prove that A()=1.

(c) Determine, with proof, all prime numbersp such that t(p²+11)=6. (3+3+4]



6. (a) Prove that there exist infnitely many integers n l for which p(n) 1s a pertect square.

(D)ifpand 2p +1 are both odd prime numbers,then prove that o(4p+2) �4p) +2
(C) Let d andn be positive integers such that d|n. Prove that (d)|(n).

(4)ror a Square-free integer n>1,prove that T(n?)=n if andonly if n =3. [2+2+3+3]

T. (a) Let p= 1(mod 4)a prime number and let g be a primitive root of p. Prove that -9is also a primitive root of p.

(b) Let p be an odd prime number. Solve thecongruence XP-2+...X+1E0 (mod p)
(c) Prove that the congruence X³ =3(mod 19) has no solutions. (4+3+3)

8. (a)Determine,with justification, if there exist integers zand y satisfying y“=43°+42.
(b)Letpbe aprime number. Prove thatp|(n-2)(n?-3)(n2-6)for some integernI.(c) Let p=2* 1be a prime number. If ais an integer with 1<a<p- 1, thenthat)=-1if and only if a isaaprimitive root of p.

prove

(3+3-+4]

9. (a) Determine all z,yEN such that - y!=2001.

(b)Let a, bandcbe positive integers such thata²+b= �.Determine, with justification,

if 60 divides abc.

(c) Let n> 2bean integer. Prove that) u(d) =0.
d�n [3+3+4]




