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Unit-I (Complox Analysis)
(Marks: 30)
Anawer any three questions.

3 0 i P, r all
If fisan analytic function on a domain D such that the argument of f(z) 18 constant fo

2 € D, then show that f must be constant.

: s S . ' . iti hat
ey n, = n + iyn and zg = xq -+ iyg. Prove that the necessary and sufficient condition t (4+6]
the sequence {zn} converges to zg is that {z,} converges to Zo and {yn} converges to 7o-

4 -z .
Find an analytic function f(z) = u+iv on C such that f(0) = 0 and u(z,y) =T+ € cos g
= 20n
i S5 ‘ : _11,2_——- for
When is series Z 2, said to be conditionally convergent? Test the series Z A+
nw=l n=1 +4
convergence. B+(1+41

Evaluate f (2dz + zdZ) along the curve ' defined by 2+22+ (22 =@+)zF (3 1)2
r
from the point z = 1 41 to the point z = 2 — 2i.

Find all the Mébius transformations of the lower half-plane Im(z) < O onto the unit disc 5
lw] < 1. 5+3

Define the cross ratio of four complex numbers. Show that it is invariant under Mobius
transformations. Hence find the M6bius transformation which maps ,2,—2 onto i,1,—1
respectively.

Evaluate fc EL: 2?;?2: — %)’ where C is the (positively oriented) circle |z| = 3. [(1_;.3.;.3).%33

State Liouville’s theorem. Hence show that il f is an entire function such that | f(2)| < |sin z|
\ 7 € C, there is a constant ¢ with l¢| =1 such that f(z) = csinz.

Let P(z) be a polynomial of degree n and a € C\ {0}. Then show that there are exactly n
points in C at which P(z) assumes the value a. ‘(1+4)+~}
)
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(a)
(b)

(c)

(a)
(b)

(a)
(b)

(e Show that 3 fu

Unit-11 (Metric Spaces)
(Marks: 30)
Answer any three questions.

; : ove that
z,w 1n a metric 8

pace (X,p)s PT

D(‘ﬁ 3] ot e
]p(‘rm) al metric space. For any four points &, ¥,
L \V Pz, 0)] < pzy @) + p(w,y).
et X = R" and @ = (21,22, w0y Tn) J = (Ul»!/z, ..... ym) be in X. Sho¥ that (X,p) 82
metric space where p(x,y) = Z. i =
ers with a suitable metric defined

Show that the space of all bounded sequenccs of real numb

by you form a metric space.
X. Then show

Define an open set in a metric space. Let (X, p) be a metric space and G C

that G is an open set if and only if it is the union 0
Show that union of finite number of open sets is open in a metri
Define the closure F of aset FC X ina metric space (X,p)- Prove t

F consisting of a single point is the set F.
that the intersection of an arbitrary

f open spheres.

¢ space.
hat the closureé of a set

Define a closed set in a metric space (X,p). Prove

number of closed sets is a closed set.
(X, p). Prove that if a sequence {zn} converges

Define a Cauchy sequence in a metric space

then it is a Cauchy sequence. ‘ :
Define a complete metric space. Prove that R3 is a complefé metric space.

Gtate and prove Cantor’s intersection theorem.

State and prove Baire’s category theorem.
eryal (0,2) with respect to usual metric of reals is an incomplete metric

Examine if an open int
space.
er a metric space. Give an example of a contraction mapping

Defin
having po

ea contraction mapping ov

fixed point.

netion f: X ¥ is continuous if and only if f~1(G) is an open subset of X
of X

whenever G is an open subset of Y.

[1+2]
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Answer any 8ix (uestions.

ot 71 € G1- If o(x1) 18 finite, then

1. (a) Let ¢ : G
) : G1 = G4 be a group homomor hism and 1
prove that o(¢(x,)) divides o(z1). i
orphisms from 7/8L 10 Z/ 5L

ation, the number of group homomn
d only if

(b) Determine, with justific
ha‘t ¢ is inj

c) L .
l(cei(g;)%t:qﬁ{,e?}% — G2 be a group homomorphism. Prove t

ective if an
[3+3+4]

9. (a) Let H be a subgroup of a group G. When do you say that “H is a characteristic

subgroup of G”7

(b) If H char G, then prove that H < G.
~ gHg'-l, where

g € G. Prove that H
[2+4-+4]

(c) Let H be a subgroup of & group G and let
gHg™' = {ghg™' :he H}-

3. (a) Let &' be the commutator subgroup of G. Prove that G’ < G and G/G'is abelian.

(b) Let N = & be such that V11 G’ = {e}. Prove that N C Z(G)- [6+4]

where p is a prime number. Prove that the map

characteristic P,
homomorphism.

4. (a) Let R be a ring of
— 7P is a ring

¢:R— R defined by é(r)
(b) Prove that the fields R and
(¢) Let¢:@~+@bearingho

C are not isomorphic.

hism. Prove that ¢(z) =2 for all z € Q. [4+3+3]

momorp

and I be two ideals of R with I C L. Prove that

5. (a) Let R be a ring and let L1

R/h/fz/fl =~ B/

t the rin | = {f: [0,1] — R : f is continuous } is not an inteeral
(=)

(b) Prove tha g C[0,1
domain. |
int in with
ot J1 be anzmtegral domain Wi
%J)CLE' c K, then prove that Q(5)

] fraction field K. If S is an integral domain with
[4+3+3]

that overy ON-4Cro prime ideal in a Boolean ring is a maximal ideal
]ﬁ{fea[o,llzf(é :
fication, of an ideal J of C/0, 1 thab e niz . :
prime ideal. [4+4+2]

6. (6) BV .
( ) = 0} is a maximal ideal in C[0, 1)

(b) Prov® tl
(c) Give a1

1at
examplc, with just!
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B be a fixed

- \a et F be o] !
> a fie iot ver !
X 1 matrix ngidlf‘“d)l("i- V be a vector space of dimengion 7 over 'Ig' Le}‘}A is a linear
transforma.tion, T I Prove that 7' : V = V defined by T(4) = i

. i/ — V be a linear

(b) Let v
et V be i
* an n- i |
1 n-dimensional vector space over a field F' and let T 1 an
Moreover, find &

Operator syc
1ch that Im(T) = ker(T). Prove that n is an even integer.

example of i
such a linear operator for some vector space V.

(c¢) Let T - ;
:V =V be a linear operator on a finite-dimensional vector space V over a field

F. Pr
rove that the following two statements are equivalent.
() ker(T)n Im(T) = {0}.

(i) If T(T(a)) = 0 for some a € V, then T'(a) = 0.
[3+3+4]

8. o A
(2) Let V and W be finite-dimensional vector spaces over a field F' and let 7' : V — W be

a linear transformation. Prove that ker(T*) = (Im(T"))°.
(b) Let A € Mxn(R) be such that trace(A*A) = 0. Prove that A = 0.

;LC? II}'GLT% %e ﬁa finite-dimensional vector space over R and let f,g € V*. Assume that
Or‘g ) efined by h(a) = f(a)g(a) is also an element of V*. Prove that either f =0
0 [3+3+4]

- () Let T : R?> — R? be a linear operator such that T2 = 0. Prove that either T = 0.or
there exists a basis of R? relative to which the matrix of T is [0 0]
1 0

a b
(b) Let A= [b CJ € Max2(R). Prove that A is diagonalizable over R.

€ Myx4(R). Find, with justiﬁcatiori, conditions on ¢, d
y an C

such that A is diagonalizable over R,
[3+4+3)
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Answer any four questions.

Fam : .o calculate B
1. What do you mean by a flowchart? Using stanclard symbols, draw a flowchart i 4
. 100 30 [1+4]
and print the value of S, where § = ZZ IxJ
J=1 I=1 d b
2. (a) Name different types of variables with appropriate examples which are recognised DY 2]

FORTRAN 17.
(b) Write down the FORTRAN expression of the followin
sinh (as + 3d* — log,o d iy T +ncos™!x
tan(b? + c?)e-l=*vl V2024 + 33
(c) Given the logical variables X,Y and Z, write a logical exp
only if X and Y are true and Z is false.

g mathematical expression: o~ (2]

ression that is true if and

(a) What values will be printed for the variables after execution of the following program:

3.

v INTEGER D
LOGICAL B
COMPLEX A
CHARACTER*8 C
READ*, X, Y, Z, A, B
Y=Y=*Y X sV
Z=X+Y+2
X=Y+2Z
C ='HEATWAVE’
B=.FALSE.
D=A+X
PRINT* X, Y, Z, C, B, D
STOFr
END
The input data/line is given as 2.0, 3. ot i
(You must mention all the nucessg;,; g’te(psé 2 3.0), . TRU E.

(b) Design an algorithm to compute the factorial of 4 S
sitive integ
er n,

4, (n) Write FORTIRAN TT program to arrange
in ascending order, ?
(b) Write 8 FORTIIAN 77 statement to carry out the f, ’
If n = 1,2,8,.1;,-.;;.115191’ rfi():!ltlv(')l Lo statement 90 ¢ 0110w1ng actions. e 3]
statement 21, if n =4,5,6 transfer control o tl, fim an : _ .
: 10

[
g

— )

y Ll tl‘a
.statement 29 nsfey contro) i .7 [2]
e - -
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+ (&) Point out errors (if any) in the following. Justify your answer:

() GOTo(, 9,3 1), VALUE A
(i) READ*, X,y 43,2, 25

(ill) TAN = TAN(X) + X % 0.5 o

s.
(b) Rewrite the following FORTRAN 77 segment using I statement
DO 1071 =1, 100
D020 J =1, 25
WRITE(x,1) I,J
20 CONTINUE

10 CONTINUE TR

METIC
6. (a) State (with examples) two important differences between ARITH
ment and LOGICAL IF statement. t using LOGICA
(b) Write the FORT RAN 77 program segment for the following flowchar
statement.

L ILF

2]

8]
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Group A (Physlenl Synton)
o (Tall Marks: 80)

/, Answer any five questions,
P U8

) Find the different; i : -
differentiol cquation (DB) Tor radionctive deeny. Solve the equation and explain it.

W ] :
2 elolxl:;(t{q ,y(’l! mc{\‘l‘ v the half-life of n radionctive oloment? Show that the half-life of the rad
lement is 1), = .. =% ks a positive constant,

ioactive ( 2.43]
2. (a) Define the

T U : : is cage, Find
g mixing problem in fluids and hence obtain the conservation law of mass for this cage
Adie ordin

ary differential equation (ODE) for the mixing problem.
(b) When does a partial differential equation (PDL) has well-defined golutions? Define Dirichlet and (+ 2]
Neumann boundary conditions for a PDE.

~ Let a product’s price, denoted by p(t), and its demanded and supplicd quantitics, denoted by Qq and Qs,

* respectively; Qg and Qs arc the lincar functions of p(t). Obtain the first order ODE for the supplied and ]
\)»nded model and hence solve it. Give a statement of the underlying assumptions.

- . 6

& Derive the heat cquation by using Fourier law and conservation of energy. o

5. (a) Derive the (1+1) dimensional wave cquation.

(b) What is meant by Carbon-dating? A fossilized bone is found to contain 0.1% of its original 14C. Find S19)
the age of the fossil. (Consider half-life T), = 5730 ycars, In 1000 = 6.91) [3+

6. Write a short note on the followings:
(a) Static model and dynamic model,
(b) Linear model and nonlinear modecl,
(¢) Deterministic model and stochastic model. [2+2+2]

‘/Z/@ State Newton’s Law of cooling. Find the mathematical model and obtain the solution.

(b) A horse shoe is heated to 100°C and then placed in a room to cool. The temperature of the room is
20°C. After 20 minutes, the temperaturc of the bar is 50°C. 1t is safe to handle at 30°C, how long
must we wait to handle it? (Consider In§ = —0.81, In 2 = —1.504) [3+3]

~Find the DE for forced oscillations, What arc meant by the transient solution and steady state solution?
Obtain the amplitude and angular frequency of the transient and stoady state solutions. Explain the
condition under which resonance occurs, :

L)
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Group B (Biological Systam)

(Tl Marks: 30) o
Answer quostion mimber 1 and any two from the rest.

Answoer

y LW q] ons,
an 11’) l(‘qtl ms

sider t . L ; i
der the set of non-linear differential equations

9 gp ey + 50 - 102,
dit

dy

s o -3 Try.

= 4z - 3y + Txy

C V t t M H . t H T arn cliscus ] tne
'rlf\’ 'ha ' (03 0) iS an Cquﬂlbrl\lln point. Sh()w 1 hﬂt thc SyStCm 18 a]l’nOS hllca a d ’I

stability of the equilibrium point (0,0).
(b) Consider the following competing species model:

dx

_— = -y —-2x),

o z(5 -y — )

% = y(14 - 5z — 2y),
z(t=0) > 0, yt=0)=>0.

(i) Sketch the phase portrait using the method of nullclines.

(ii) What happens to the competing populations as time increases? :

(c) What is a functional response? Write down the mathematical expressions and graphical representa,tlon?2 e 5210]
of Holling type-I, type-11, type-III, and type-IV functional responses. .

- The generalized Verhulst population model, with crowding effect of the form (-8N®) is given by

dN
dt
Obtain the steady-state solution and check for stability. Also, solve the model for N (t) and predict the
behaviour of the population for a long period of time. Find the point of inflexion, if any. [3+4+3}

= rN-fBN®(a>1).

. Enlist the basic equations for a Lotka-Volterra predator-prey model. Carry out the stability analysis for

the co-existence equilibrium point. Plot the graph for the predator-prey isocline through-the vector-sum

method to outline the dynamics of the four zones created by the isoclines, [9+5+3]
Define a reaction-diffusion system using an illustration, T
Consider the following reaction-diffusion system:

du(z,t) 0%u(a, )
Ot = f(u)+ DW.

(2) Explain the model mathematically as well as dimm’xsimlally,
(b) Write down the importance of diffusion parameter D oy the system dynamics

abo i
equilibrium point. ut the non-trivig]

2+3+5]



