M. Sc. Examination-20256
Semestor-1V
Mathemntlcs )

) C-41(Now
Courser MM ( —

(DifTerentinl Geometry and Manlifold
Full Marks: 40
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Questions are of vahies as indicated in the mn.rgln
Notations and symbols have their usual meanings.

Answer any four questions.

i 'C .ountable Hausdorff topological
fine ¢ i tlas and manifold (M) on a second coun :

A Define chart, atlas, maximal a ( By g mciah it

M in terms of inner

Sk . € g(’ l) ) M g
Space Intl()(l“( ¢ tan nt vec tor at a oint l c y tan
\ a \CLQ()I [l(.,'l .\ M- D(, me m trl 1 (l.'j
b""d'( zlb' on v 4 mld (l on '] Y (4} (&4 tensor ( on )

v . —_ G2 —
product on the tangent space. Obtain expressions for gi; on M=5=

Introduce differential form, their wedge product, exterior deriva.tiyes and the Hodge *-n}ap beftween
the space of forms. Establish the formula relating exterior derivative of wedge product of two forms.

Derive expressions for Laplacian (72) operator as the combination of exter;or cIlJeri\l.'at?ve a}ndzHodie;
. th : — R3. H otherwise, derive expressions for Laplacian (7° or
map in the manifold M ence or [4+2+2+72]

operator in an arbitrary curvilinear coordinate in R3.

- Define Lie group and Lic group of transformations. Find rules of binary composition and inversion for
1 a b

0 1 c¢ |;abceR} tobea Lie group. Find infinitesimal generators

the set S(a.b,c) =
0 0 1 ,
. * «2 —
for the Lie group of transformations Tie, c,.e,) : R? — R? given by (z Lz ) = T(el,f_g,e;;)(xlvr) =
[2+2+3+3]

(e“a! + €2, 3122 + €3).
\/4. Introduce the frame {T,g,n}. Prove that derivative of tangent of a curve on some surface in R3
lies in the plane of g and n. Define normal curvature, geodesic curvature and the geodesic torsion
of a curve on a surface. Find coecfficients of second fundamental form in terms of first and second
derivatives of the position vector r(u,v) of the surface. Obtain coefficients of second fundamental
[1+2+3+2+2]

form and normal curvature to a spherical surface of radius a

Derive expressions for second derivatives of r(u,v) with respect to the parameters u, v in terms of
Christoffel symbols of the second kind. Establish the formula, Lijk = ryjrp = £ (9in; 3 + gikit — gij: k) 5
t,J,k € {u,v}. Examine whether the following relations

E E, G G E G
=cp D =Th =2, M =22 10 —_2prv _ S
wTlw T e = g Tw T mmTh = o6

Tl = g5 i =T = 32,

among I'}, (u,v) and the coefficients E, F,G of first fundamental form on a surface in R3 are valid. [24+3+5]

_,{ Define the Riemann-Christoffe] curvature and the Ricci tensor. Establish that both tensors reflect the
Prove that Riemann-Christoffel curvature is antisymmetric

intrinsic property of a surface S in R3.
1n some indices that you must determnine. Prove the Gauss theorem Egregium, i.c., Gauss curvature
[2+3+2+43]

of a surface in R3 is an intrinsic property.
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1. Comment on 'Revised Simplex method i computationally efficient than Simplex method in
solving LPPs'. Use Revised Simplex method to solve the LPP

Maoximize Z = 2z + x4y

subject to 3z) + 4z <6
Oz 4129 <3
ry,Ty 2 0.

(3+7]

2. What is Integer programming? Justify the need for developing an efficient procedure for optimal
integer solution. Solve the LPP

Maximize Z = 2z; 4+ 3z3
subject to 6z + 5xy < 25
1+ 322 <10
T1,T2 are non-negative integers.

(2+8]

3. (a) Solve graphically the NLPP:

Maximize Z = 2z; + 3z2
subject to zjz2 <8
z3 + 23 <20
z1,x2 > 0.

(b) State Karush-Kuhn-Tucker condition for the solution of a convex programming problem
and use it to '
Maximize * Z = z3 — 2z, + 23 + 1
subject to z; +x2 <0
2 -4<0.

[5+5)

_74. Explain Dynamic programming. Formulate Dynamic programming technique to solve a linear
programming problem. Use it to

Maximize Z = 3x; + 5zo
subject to z; <4
2x9 < 12
3z) + 223 < 18
I1,x2 Z 0. &



.

. (a) Determine the optimum quantity for each run for a single type of product and the optimum
interval between successive runs where shortages are allowed.

(b) The demand for an item is 18000 units per year and the company can produce the item N
at a rate of 3000 units per month. The cost of one set up is Rs. 500 and the holding cost s
The shortage cost of one unit is Rs. 20 per month. a8

D\k

of one unit per month is 15 paise.
Determine the optimum manufacturing quantity and the number of shortages. Also determine

the manufacturing time and the time between set ups.

(a) For the Queue model (M/M/1: N/FCFS), find the probability of n customers in the system.
(b) Trains arrive at a railway yard every 15 minutes and the service time is 33 minutes. If the
line capacity of the yard is limited to 4 trains, find .

(i) the average number of trains in the system; -
(ii) the average time a train spends in the system. [64+(2+2)]

[6+4]

(A
\L.
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o



F“ Saparato ""““'"q M. Se. Examination-2026

script for each unit
Semostor-1V

Mnathomatles
Electivo Courso: MMI2-41 (Appliod Stronm)
(Electromagotic Theory and Programming in Matlab)
Time: Three Hours Full Marks: 40
Questions are of values ns indicated in the margin,
Notations and symbols have their usual meanings.

Unit-I (Full Marks: 20)
(Electromagnetic Theory)
Answer any two questions,

1. (a) State Coulomb'’s law in electrostatics for two point charges.

(b) Define an electric field. A long cylinder caries a charge density which is proportional
to the distance from the axis, i.e., p = ks, where k is a constant. Find the electric
field inside this cylinder.

(c) For a point charge configuration in a spatially uniform electric field, define an electric
dipole. Calculate the potential energy of an electric dipole placed in an external electric
field.

2. (a) Derive the equation of continuity for a steady state current of electric charges. What
is Ohm’s law? Use it to show that for a steady state current, the continuity equation

(2]

[1+3]

(1+3]

reduces to the Laplace equation for the electrostatic potential. [2+2+1]

(b) Define the magnetic force acting on a charged particle of charge ¢. State and explain

the Amperé’s circuital law. What are the shortcomings of this law? (1+2+2]

3. (a) Show that for a continuous charge distribution in an electric field E, the electrostatic
energy density is given by £ = leo|EJ2.

[5]

(b) State and prove the Po'ynting’s theorem. What is Poynting’s vector? [14+3+1]

Unit-IT (Full Marks: 20)
(Programming in Matlab)
Answer question no. 1 and any one from the rest.

1. Choose the correct alternative (any five). .

(a) What does MATLAB stand for? (i) Math Laboratory (ii) Matrix Laboratory (iii)
Mathworks (iv) Mathematics Lab.

(b) Which MATLAB command is used to clear all data and variables stored in memory?
(i) clear (ii) clc (iii) delete (iv) close.

(c) What is the output of C = A. x B when A = [102]; B=1[307]7 (i) [2 0 21] (ii)
[3 0 14] (iii) [14 0 3] (iv) [7 0 3). ‘

(d) The output of A=['Bat”Ball’] is (i) 'Bat’Ball’ (ii) Bat Ball (iii) BatBall (iv) Bat &
Ball. .

(¢) Index of an array in MATLAB starts with (i) 0 (ii) 1 (iii) Depends on the class of
array (iv) Unknown.

(2]
2]
2]
[2]
[2]



AB software? (i) Numerical computing
lysis (iv) Dynamic system simulations.

d z as symbols? (i) sym (x,y,z) (ii)

(®) Which type of analysis is not done by MATL

(ii) Algebraic solutions (iii) Plant planning ana

(g) Which of the following correctly defines z, y, an
syms x y z (iii) syms x, y, z (iv) sym X, y, 2. . )

(h) Keys combination used to stop execution of & command in MATLAB. (i) ctrl+c (ii)
ctrl+s (iii) ctrl+b (iv) ctrl+enter.

2. (a)IfA=1[111;22233 3] is a matrix,
A(2: 3,3), (iii) A(2,:), and (iv) A(:,3)-

(b) Write the Matlab command to find the root

(c) Write a MATLAB program to plot the function flz)=7

then write the outputs of (i) A(3,2), (ii)

s of a polynomial equation 2r4—3z%24+5 = 0.
3,-22°cosz, -1 <z < L

3. Write a MATLAB program to solve the coupled nonlinear equations: T =1Y + cos(z + ),
Yy = T + sin(zy).

[2]
(2]
(2]

(6]
(2]
(2]

[10]
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Answer any four questions,

1 the mass balance equations for a two-compartment, pharmacoki-
netics model with a first-order absorption alongwith a first-order elimination
kinetics from the central and peripheral compartments. Obtain the transient

drug concentration in each compartment.
What is meant by an ideal stirred-tank model and an ideal plug flow model?

Assuming flow-limited conditions, obtain the unsteady concentration for mi-

crovascular mixing in tissue compartments.

Using appropriate initial and boundary conditions, obtain the time-dependent
concentration of drug within a planar membrane.

Define homogeneous and heterogeneous chemical reactions. Obtain the con-
centration in case of diffusion and chemical reaction inside a spherical porous
catalyst (assuming appropriate boundary conditions).

Discuss the pharmacokinetics of T-20 after intravenous administration and
obtain the steady state solution for plasma concentration. . -

6. Considering a reversible homogeneous reaction on solutes A and B in a

L4

stagnant liquid film, obtain the nondimensional concentrations of A and B.

[3+7]

[3+7]

(10]

[10]
[3+7]

[10]
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Notations and symbols have their usual meanings.
Every ring R contains unity and every module is unitary.

Answer any four questions.

1. (a) Let M be a left R-module. Prove that there is unique R-isomorphism ¢ : R® M — M such that
¢(r ® m) = rm.

(b) Let U and V be two vector spaces with dimU = m and dim V = n. Show that dim(U @ V) = mn.
(c) Let R be a ring. Prove that R is regular if and only if every left R-module is flat.

2. (a) Let J(R) be the intersection of all maximal left ideals of R. Show that J (R)={ec€R|1—rais left
invertible for every r € R}

(b) Let R be a ring. Show that J(R) is an ideal of R. Also show that J(R/J(R)) =0.

(c) Let M be a left R-module. Show that Rad;(M) = N £ ker f where each f is an R-morphism from M to

a simple R-module. Hence or otherwise show that for every R-morphism f : M —s N, f(Rad;(M)) €
Rad,(N).

3. (a) Let M be a semisimple left R-module. Show that every submodule and homomorphic image of M is
semisimple.

(b) If L is a minimal left ideal of a ring R and M is a simple left R-module then show that either L ~ M

or LM = 0. Hence or otherwise show that for every non-isomorphic minimal left ideals L and K of R,
LK =0.

(c) Let R be a left semisimple ring. Show that R is isomorphic to a direct product of matrix rings over
division rings. _ _
4. (a) Let R be a commutative ring with more than one element. If Ris subdirectly irreducible, then show
that R is a field.
(b) Show that every Boolean ring is a subdirect product of isomorphic copies of Zs.
(c) Show that J(Z) = 0. Hence or otherwise show that Z is a subdirect product of finite fields.

5. (a) Let M be a left R-module. If every submodule of M is finitely generated, then show that M is
noetherian.

(b) Let M be a left R-module and N be a submodule of M. If both N and M/N are artinian, then show
that M is artinian.

(c) Let M be a left R-module of finite height and N be a submodule of M. Prove that h(N) +h(M/N) =
h(M).

6. (a) Give an example of a noetherian module.
(b) Find J(Z100).
(c) Show that every vector space is semisimple.
(d) Is Q a semisimple Z-module?
(e) Show that Zsq ® Q=0.

—_— o
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Unit I: Galois Theory II (Full Marks: 20 )

[ Answer any four questions. J

\l/(a) Let F/K be a finite extension. Show that it is a normal extension if and only if F
is a splitting field of a polynomial over K.

(b) Give an example of a finite field extension that is not normal.

7 (a) Let f(z) € K[z] be a nonconstant polynomial. If F} and F; be two splitting fields
of f(z) over K, show that G(F,/K) ~ G(F»/K).

(b) If [F : K] = 2, show that F/K is a normal extension.

\,3./(21) Let F be a field of order p". Show that G(F/Z,) ~ Z,,.
(b) Let F/K be a finite field extension and H a subgroup of G(F/K). Show that
H= G(F/FH)'
4. (a) Define constructible numbers. Show that the set of all constructible numbers is a
field.
(b) Prove that v/5 is constructible.

5. (a) Let 01,0, -+ ,0, be n automorphisms of a field F. If ay,as,++ ,a, € F are such

that
a101(x) + az02(x) + - - + a,0,(z) =0, for all z € F,

then show that a; = a3 =--- =a, =0.

Show that the angle 60° can not be trisected by ruler and compass only.

(b)
\f./ (a) Let F be the splitting field of a separable polynomial f(z) over K. Show that
|G(F/K)| = [F: K].

(b) Show that [G(R(V2)/Q)| # [Q(¥3) : Q.

[3+2]

[3+2]

[3+2]

[3+2]

[3+2]

[3+2]



Unit-11 : Algobraie Topology (F'ull Marks: 20 )

[ﬂnnwvr any four qmml.ionﬂi

\ . 1 1
L/a) Let f: 8" R be o continuons map. Prove that there existy an clement z € §!

such that f(r) = f(—2). (2]
(b) Is GL.(R) a bath-connected subset of %7 Is it & compact subset of R*? Justify
your answers, (3]

j (a) -Lot G' be a connected topological group. Prove that any open set containing the
identity clement of G is a generating sct of G. [3]

(b) Let G be n._topologica] group with the identity element ¢. Let U be an open subset
of G containing e, Prove that there exists an open set V' C G containing ¢ such
that V-1 c /. [2]

3. (a) Let X be a path-connected topological space and let Zg and z; be two distinct
points in X. Prove that X, 20) > my (X, zp). 3] -

(b) In a topological group (G, -) with the identity element e, prove that the operation
lf1®lg] = [f®g), where (f®9)(s) = f(s)-g(s), defined on (G, e) is well-defined. [2]

4. (a) Whenisamapp: E— B said to be a covering map? Give an example of a map

which is not a covering map. Justify your answer. [3]

(b) Let p: E - Bbea covering map and let b € B. Prove that p~1({b}) is a discrete
subset of E. [2]
[2]

5. (a) Prove that a covering map is an open map.
g (b) Let p: E — B be a covering map. If B is Hausdorff, then prove that E is also

Hausdorff. (3]

6. (a) Define lifting correspondence for a covering map p : £ — B, If E is simply
connected, then prove that the lifting correspondence is bijective. [3]

(b) Using lifting correspondence, prove that the fundamental group of a circle is iso-
morphic to (Z, +). 2]
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Answer any four questions,

ass balance equations for a two-compartment pharmacoki-
a frst-order absorption alongwith a first-order elimination

netics model with )
| and peripheral compartments. Obtain the transient

kinetics from the centra
drug concentration in each compartment.

What is meant by an ideal stirred-tank model and an ideal plug flow model?

Assuming flow-limited conditions, obtain the unsteady concentration for mi-

crovascular mixing in tissue compartments.
Using appropriate initial and boundary conditions, obtain the time-dependent
concentration of drug within a planar membrane.

Define homogeneous and heterogencous chemical reactions. Obtain the con-
centration in case of diffusion and chemical reaction inside a spherical porous

catalyst (assuming appropriate boundary conditions).

. Discuss the pharmacokinetics of T-20 after intravenous administration and

obtain the steady state solution for plasma concentration. .

. Considering a reversible homogeneous reaction on solutes A and B in a

stagnant liquid film, obtain the nondimensional concentrations of A and B.

[3-+7]

[3-+7]

[10]

[10]
[3+7]

[10]
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Answer any four questions,

1. Show that a nonempty subset C of Fy is a cyclic code if and only if #(C) is an ideal
of F,lz]/(z" — 1), where = : F! —» F,[z]/(z" — 1), is a homomorphism defined by

70, B1y- -+ 1 8n_1) = @g + Q1T + - -+ + Gy 2" mod(" — 1). [5+5]
2. (a) Determine whether the polynomial g(z) = 14z +a*+2" 4+ is a generator polynomial
of a eyelic code of the given length 7. (3]
(b) How many binary cyclic codes of length 6 are there? Construct a [6, 4|—binary cyclic
code. [4+3]
3. (a) Let g(x) = g0+ pzx+ -+ Gni™ * be the generator polynomial of a eyclic code
C C Fy with deg( ¢(x)) = n—k. Find the corresponding generator matrix for the code
‘sl (6]
(b) Find the parity-check matrix of the binary [7,4]-cyclic code generated by glz) =
1+ 22+ 23 4]
4. Show that a BCH code with designed distance & has minimum distance at least 5. [10]
5. Determine the generator polynomials of the narrow-sense binary BCH codes of length 15. [10]
6. Consider the 8-ary Reed-Solomon code C generated by
6 6
g(@)=[Jz-a') =D ="
i=1 =0
where @ is a root of the primitive polynomial 1 4z + z* over F;. Then show that C =
{a(1,1,1,1,1,1,1) :a € Fs} is a [7,1,7]-MDS code. Hence show that *(C), is a binary
[21,3, THincar code, where ¢ : Fom — F™ is a homomorphism defined by ¢{uyaq + upaa +
oo+ U Ctm) = (U1, 22; -+ Uyy) for basis ay, ag. . .., of Fom. [3+7]
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Answer any four questions,

1. (a) Let f(z) be meromorphic in |z] < 0o and ay,az,a3,...... be the poles of f(2), where 0 < ay] < |ag| <
laal..... . Suppose that there is a sequence of closed contours O, sueh that O inchudes ay, iy, g, bt
10 other poles and R, is the minimum distance of Cy, from the origin, which temds Lo inlinity with n,

while L,,, the length of Cp, is O(R»). Now if |f(z)| = o(Ra) on €y, and vesidhie at ay, be by, then show
that

f(2) = £(0) + £02, bu( == + &), for all values of = except the poles.

2=0n
(b) Let f(z) be meromorphic in |z] < R and f(0) # 0. If it has zeros at ay, @y, .....ttm and poles at
by, ba, .....b, with moduli not exceeding r(0 < v < R) then show that

log{| g SO~} = 2 Jy Loglf(re)ldo,

4

7 2 (a)/Deﬁue Nevanlinna's characteristic function T(r, f). Find T(r, f) when f(z) = ¢* .
46) Show that for any a, |T(r, f) = T(r, f — a)| < log*|a| + log2.
(v) Using Cartan’s identity prove that 311; f;“ m(r,e"?)df < log2.
v3. [a) State and prove Nevanlinna’s first fundamental theorem.
) Prove that for any 'a’, N(r,a) is a convex function of logr.

{<) Define the order of a non-constant meromorphic function f(z). Find the order of f(z) =e™%.

/4 \)’jrf Tf ps and pa are the orders of the meromorphic functions f and f2 respectively, then show that the
order of ‘f'—;- < maz{p1, p2}-

\pa) If f(z) be a non-constant meromorphic function in the complex plane and ‘e’ be any finite complex
number, then define d(a, f) and also find §(0, ¢3*).

J4) State and prove Nevanlinna's theorem on deficient values.

5. (a) Let S(r) be a real valued and non negative increasing function for 0 < 7o < r < 00. If S(r) is of order

p(0 < p < oc) and has convergence class, then prove that S(r) has minimal type. Does the converse
hold 7 Support your answer.

(b) Give an example to show that there exist functions f and g share four values IM but f # g.
\()ﬁ If f and g are two non-constant polynomials share 1’ CM and f(0) = g(0) # 1, then show that f = g.
6. (a) State and prove Milloux theorem.

(b) Define an elliptic function. If f(z) is an elliptic function then show that f’(z) is also so.

(]

[2+2]
(2]
1]

[143]
(2]

(143

[2+3)
2]
B3
(2+5]
[1+2]
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Answer any four questions

1. < (a)7Prove that every closed convex subset of a Hilbert space has a unique member of

mallest norm

/Jy%how that a Hilbert space H contains a complete orthonormal sequence if and only if
H is separable.

/(c Give an example ( with justification ) of a complete orthonormal sequence in a Hilbert

space.

2. ¢ (a)-Prove that for every bounded linear operator 1" : H — H where H is a Hilbert space,
its adjoint operator T exists which is unique and satisfying ||T*|| = ||T]|.

< ) Let f be a sesquilinear form defined on a a Hilbert space and f be the associated
quadratic form of f. Prove that f is bounded iff f is bunded and moreover 7] <

LA < 21171

/ \(9/ Show that the collection of all sclf-adjoint operators defined on a real Hilbert space
H form a closed subspace of B(H,H) where B(H,H) is the set of all bounded linear

operators defined on H.
b/?f (a efine normal operator on a Hilbert space. If 77 and 7% are normal operators defined
on a Hilbert space H such that cither commutes with the adjoint of the other. Prove
that 77 + T, and 7775 arc normal operators on H.
/( Let T': H — H be a sclf-adjoint operator where H is a Hilbert space. Show that
IT|| = Sup{| < Ta,z>|:]|z|| =1}.
WProxre that every self-adjoint operator is normal but converse may not be true.

4//(a Define compact lincar operator on normed linear space and give an example for the
same .

/‘Qz«j/lf T is a normal operator defined on a Hilbert space H. Show that Tz = Mz iff
T*2z = Az Vx € Hand for any scalar \.

/(c rove that for any nonempty subset M of a Hilbert space H, the span of M is dense
in H iff M+ = {0} where M~ denotes the orthogonal complemcnt of M.

[4]

4]
[2]

[3]

[3]

[4]



2

Show that the spectrum o(T) of a bounded linear operator T defined on a complex
Banach space is compact(assume o(T) # }).

Prove that residual spectrum o,.(T") of a bounded self-adjoint linear operator

T+ H — H where H is a complex Hilbert space is empty.
Let T be a bounded linear operator defined on a Hilbert space H into itself. Then

prove that o(T*) ={ ke C: kea(T) }.

Define Banach algebra and give an example for the same .
ith identity e. If © € A satisfies ||z|| < 1 then

—et+ Y2,
omplex Hilbert space. Show

Let T : H — H be a self-adjoint operator where His a c
ing to different eigen values of T are orthogonal.

Let A be a complex Banach algebra w
prove that, (e — z) is invertible and (e —z) ™"

that the eigen vectors correspond

31

2]
3]

4]
3]
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