of t; it.

s with a cénérﬂl acceleration n (r dl ‘5) being projected from an apse at a distance a
ty 2,/fia. Prove that it describes the curve r2 (2 + cos V/36) = 3a°.

uation of a trajectory when a particle is projected with a velocity u at an angle « to the horizon
ose resistance is mkx (velocity).

Unit-II [Statics (Marks: 30)]
Answer any three questions.

i s B .‘J v ’l.' \‘ -“‘I . t ‘el - "y .
/. Deﬁﬁéﬁas.ﬁgtgi_cj equilibrium. Find the condition for astati

at different points of a rigid body.
4 Thl;ee for o P, Q, R act along the sides of a triangle formed by the lines z+y = 3, 2et+y=1andz—y = —1.

Find the é\c\lﬁa,'tidﬁ of the line of action of the resultant.

c equflibrium of a system of coplanar forces acting

3 Deﬁhe “forces of constraints’. Use the principle of virtual work

to find the conditions of equilibrium of a
system of coplanar forces acting on a rigid body.

4. (a) Obtain the expression for virtual work done by the tension in a string.

(b) A solid hemisphere is supported by a strin
vertical wall with which the curved surface
of the string and the plane base of the hem

g fixed to a point on its rim and to a point on a smooth
of the hemisphere is in contact. If 0, ¢ are the inclinations
isphere to the vertical, prove that tan ¢ = % + tan@.

5. (a) Find the conditions of equilibrium of a s

ystem of non-coplanar forces acting at different points of a
rigid body.

(b) Six forces, each equal to P, act along the edge of a cube, taken in order,

which do not meet a given
diagonal. Show that their resultant is a couple of moment 2\/§.Pa,

where a is the edge of the cube.

- a force towards the centre, sfhen‘ﬁt%@hq law of force. Find also

[2+¢

[1C



B.Sc.(Honours) Examination-2022
Semester-IV
Mathematics
Course;: SECMA-2
(Tensor Calculus)
Time: Two Hours Full Marks: 25
Questions are of values as indicated in the margin.
Notations and symbols have their usual meaning.

Answer any five questions.

- Define scalar, vector and tensor ficlds. The relations among components A(i. j, k,1)(i) in two coordinate
systems (= (u'.u* .+ u")) and d@i(= (@', a2 . @")) are

/f(cl,/f.').:ﬁ)(ﬁ) = A, .7, 6)(@).

Determine whether A(i, 4, k, 1) (i) are tensor. Give their order and rank., Write down the explicit expression
for Apa A" following the rule of summation convention. [1+14141+1]

. Assuming a point i space can be deseribed by {wo sets of variables (= (u!,u?.- - -, u")) and u(= (a'. a2, - -, a"))
uniquely, prove that du? and %’i,-( ) arve tensor fields. Determine their natures (covariant/contravariant). [242+1]

- If A% and BY are tensor fields, verify (he outer product A2¢B! is a tensor field or not. Show that contraction
of the outer product of teusor ficlds A” and € is a scalar ficld, Find the rank of the iuner product of the
tensor fields C? and B*.

[2+2+1]
- A quantity B(s.j,k) is such that B(i.j, k)CTiJ[ = Al, where Cfl is an arbitrary tensor field. Prove that
B(i,j, k) is a tensor licld. Determine its rank, [4+1]
CIfds? = Ipgduldu’ is an invaviant, prove that 9pq 18 a tensor. Determine its rank and verify whether it is
symmetric. Find gpq for the cylindricul polar coordinates (u!, u?, 43). [3+1+1]
- Define Christoffel’s symbol of fiist and second kinds. Prove that the Clristoffel symbol of the first kiud is
symmetric in the first (wo indices, and the second kind is symmetric for indices appearing in the subscript.
) ‘
Prove the formula.F Bl = sl g: (1+2+2]
. Prove that 52 ®(i) is a tensor for any scalar field ®(). Clieck whether 52 A(1) is a tensor field. Define
covariant derivative. I'ind the covariant derivative of gy () with respect to the variable u'. [1+1+1+2]

. For any tensor field A, (i), establish the formula A= R} As. Here B, 4 stands for the covariant
derivative of the tensor field B, (%) with respect to ud. [5]



B.Sc. (Honours) Examination, 2022

Mathematics

Semester - IV

Paper/Course CCMA - 10
Probability Theory
Time: Three Hours Full Marks: 60

Questions are of value as indicated in the margin.
Notations and symbols have their usual meaning.

Answer any siz questions
1. Explain the concept of statistical regularity. State clearly the frequency definition of prob-

ability of an event A connected with a random experiment £. Explain the real strength of
this definition. Hence define the conditional probability of the event B on the hypothesis

that event A has already occurred. [4+2+2+2

\/2( (a) If {A,} is a monotonic sequence of events, then show that

P(lim A,) = lim P(Ay).

A card is drawn at random from each of two well-shuffled packs of cards. What is the
probability that at least one of them is a queen of spades?

(c) What is the probability that a bridge hand contains four aces?

3. (a) State Bayes’ theorem. There are three urns containing respectively 1 white and 2 black
balls, 2 white and 1 black balls, 2 white and 2 black balls. One ball is transferred from
the first to the second urn; then one ball is transferred from the second to the third
urn; finally, one ball is drawn from the third urn. Find the probability that the ball
drawn is white.

(b) Consider three events A, B, C. If A and B are independent and B and C' are indepen-
dent, then does it follow that events A and C are independent?

4. (a) Define Poisson sequence of trials. Three marksmen can hit a target with probabilities
1/2,2/3,3/4 respectively. They shoot simultaneously and two hits were registered.
Compute the probability that each of the three marksmen misses the target.

(b) Define Markov chain. In a Markov chain of coin tossings, the first toss is given to be fair
and the transition probabilities of H =+ H,H — T,T — H,T — T are respectively
1/2,1/2,0,1. Find the probability of head(H) in the third toss and tail(T) in the fourth

toss.

(a) Define a random variable X. Define distribution function F of a random variable X.

o

(3]
3]

[2+4]

[4]

[2+3]

(1+4]

For any fixed point a, compute F(a — 0) and F(a + 0). [1+2+1+1]

(b) If X is a normal (m, o) variate, then show that
P(| X —m|> ag) = 2[1 — ®(a)]

where ®(z) denotes the standard normal distribution function and a is a fixed point

6. (a) Show that the function | z | in (—1,1) is a possible probability density function and

hence find the distribution unction.

(5]

4]



(b) If X is uniformly distributed over the interval (=2, 2) then find the distribution of the
random varible min{ X, 1}. (3]

(¢) If X is normal (0, 1) then find the distribution of e¥. (3]

\}. (a) Define k—th central moment iy of a random variable X. Compute the same for normal
(m, o) variate. [1+2]

J,b) The probability density of a continuous distribution is given by

flx) =§I(2—.’L‘); 0<z<2

Compute the mean and variance. [2-+2]
(c) Define mode of a distribution. Find the mode of a Binomial (4,0.25) variate. [1+2]

8. (a) Show thatif X isa 'y(%n) variate then 2X has a chi-square distribution with n degrees
of freedom. Compute the mean, variance and mode of x?(n) variate. [2+3]

(b) For the t—distribution with n degrees of freedom, prove that the variance exists only
for n > 2 and its value is n/(n — 2). (5]

\/9-. " (a) Define joint distribution of a pair of random variables. Define their marginal distribu-
A
tions. Prove that if X and Y are independent then

P(X =bY =d) = P(X = b)P(Y = d).

[2+2+3]
(b) X and Y are independent variates, each uniformly distributed over the interval (0,1).
Find the probability that the greater of X, Y is less than a fixed number k(0 < k < 1). (3]
10. (a) Define convergence in probability. If X, is a Binomial(n,p) variate, then show that
Xn . -
— — p in probability as n — cc.
n
(1+4]

(b) If X1, X5, -+ Xn,- -+ be a sequence of independent and identically distributed random
variables each with mean m and variance o2 < oo for ¢ = 1,2, - - then show that

lim P(|S, —m|>¢€) =0

n—co

for every € > 0. 5]
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(Analysis-IV and Differential Equations-IT)
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Questions are of values as indicated in the margin,
Notations and symbols have their usnal meanings.

Unit-1 (Analysis-IV)
(Full Marks: 30)
Answer any three questions,

(a) Prove that limit of a function of two variables if exists, is unique.

(b) Using ¢ — & definition, show that T - 0.0 —,Jf'—

iy

(c) Prove that if [(x.,y) is continuous at a point (a,b) and [(a.b) # 0 then f(x.y) has the sign of fla.b)

in some neighbourhood of the point (a.b).

(a) State and prove a sufficient condition for continuity of a function f(r,y) at a point (a.b)

yir

—ry for |z} <yl

(b) For the function Jlry) = { zy for o] vl . show that —"—f—([) 0) # LL((] 0).

) S8
(c) Using Euler's theorem, if u = tun‘“—-,il_: then show that + 9% + ¢4 = Jsin2u.

r dy

(a) State and prove a sufficient condition for differentiability of a function f(x,y) at a point (e, b).

(b) State Youug’s/thcorcm for cquality of two mixed second order partial derivatives of a function f{1.y)

at a point (a.b).
J'J 2

Show that for the function f(x,y) = o

0 for (z,y)=(0.0) =
conditions of Young's theorem are not satisfied.

State Implicit function theorem. Show that F(r, g y) = a? + 2re¥ +y = 0 determines a unigue function
y = f(x) about (0,0). Also find du at (0,0).

i

(b) State and prove mean value theorem for a function of two variables.

(c) Using Taylor's theorem, expand f(z,y) = 242 + 3z — 2 in powers of (x +1) and (y —2).

(a) Show that a nccessary condition for [(r.y) to have an extreme value at (a,b) is that f.(a.b) =0 and

f,(a.b) =0, provided these partial derivatives exist.

(b) Show that f(z.y) = y? + 22y + x* has a minimum at (0.0).
(c) Evaluate [ [,(a® + ¢*)dady over R bounded by y =4, 0 =2y =1

Unit-11 (Differential Equations-1I) =
(Full Marks: 30)

o - Answer question pumber 1 and any two from the rest.

1. Answer any five questions.

. . . . . . S s
(a) If a tmn:;fornmtlou y = uv translorms the given ordinary differential equation (ODE) o )

4014,,5 .1: +y(x)y = 0 into the normal form -f—r’;v 4+ &(x)r = 0, then evaluate u. Share your obscrvation

how v can be ontained. _ .
(b) Given the solution nl(z) = L find the second linearly independent solution of the ODE (x-

FE
1)+ (3r - D +y(r) =0, 7 #0
(¢) Show that the cquation (2 (22 + 2y Jf)——-é + "!;\J) +2(x + ums:)—?ﬁ — (sin)y® = 0 is exact and

find its first integral,
(d) What do the solutions of the differential eqnation

dv dy dz

iy for (@) #0.0) 2% ¢ gy = 2L0,0) but the



represent geometrically” What are the significance ol the numbers in the denominators”
(e) Consider the following ordinary simultaneous differential equations:

(D+Dax+(D-1)y = ¢,

d"
2, D"= —.

dtn
The general solution of the system contains no arbitrary constant - Justify the statement with reason.
(1) Find an integrating factor of the total differential equation

(D*+D+1)z+(D*=D+1)y

(2wz — y2)de + (2yz — za)dy — (2 — zy + y*)dz = 0.
Y vty

Also, carry out your ideas if z(x? + y? — zy) = 0 holds.
(g) Convert the following ODE into two first-order equations:

d? d .
ﬂu(f)ag + ﬂl(”-&? +ag(l)y = agt): aplt) #0
with y = ¢; and '(—fﬁ =cpatt=0.
(h) How many solutions exist for the boundary value problem

__dzy +y=0 0O<x<
=y, T m
a2 7Y
subject to y(0) + y(w) = 0= y'(0) +'(m)? Justify your answer.
9 X 'lflt]J

. (a) Transform the lincar ODE
d?y
dz?

dy
)= vy =10
+P(1)dr+Q(b)y 0

by the substitution y(x) = z(z) exp|-3 [, P(t)dt] into its normal form %j—«; + I(x)z = 0 where

I(2) = Q(z) - §4B - £

(b) Solve:
dx _ dy B d:
PPy e R T BTN
[_31—3‘
. {a) Factorisc the aperator on the left hand side of [¢1? + (2 = 2)D — 2|y = et = ﬁ, and
hence solve it.
(b) Solve the simmltaneous differential equations:
dx dy
A= +9=2 + 1z 43y = e
T dl + 1l + 3y e
Jdro _dy T 2
- Jd—t+lm+bl+24y = e,
[5+3
_ (a) Verify that the lollowing total differential equation is integrable and hence solve the eqnation:
302 (y + 2)dr + (=7 )y + (- 2¥)dz =0
(b) Solve the following system of two linear homogeneous differential equations with constant coeffi-
cients using cigenvalues and cigenvectors of the matrix:
dr ey
— = )
dt 4
dy
— = Ty
dt v
w(t=0) = 7. y(t=0)=1
945
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